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Sage — 31O GecrulaTHOE ¥ CBOOOAHO PacHpOCTpaHsAEMOe MaTeMaTHYeCKoe IPOrpaMMHOe o0ecredeHne ¢ OTKPBITBIMU
MCXOIHBIMH KOJaMH AJIs1 MCCIeI0BATeIbCKOM paboThl X 00y4YeHHUs B CaMbIX Pa3IM4HbIX 00IacTX BKJIOYas areopy, reo-
METPHIO, TEOPHIO YHCEJT, KpUITOrpaduIo, YMCIeHHbIE BbIUKMCAeHHs U Apyrue. Kak Monens pa3paborku Sage, Tak U ycio-
BHSI €70 PACIIPOCTPAHEHHUsI U MICTIONb30BaHMS! BHIOPAHBI B COOTBETCTBHH C MPUHIIMIIAMHI OTKPHITON 1 COBMECTHOM pabOTHI:
Mbl cOOMpaeM MallliHy, a He Iiepen3oOperaeM Koneco. OIHOI M3 OCHOBHBIX LieJieil Sage ABIseTcs CO3aHue JOCTYITHOM,
OecriaTHOW 1 OTKPBITON ansrepHatiBbl Maple, Matematica, Magma u MATLAB.

Hacrosmumii gokyMeHT pacnpocTtpansiercs o juiensun Creative Commons Attribution-Share Alike 3.0.

OrnaBneHune


http://creativecommons.org/licenses/by-sa/3.0/
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2 OrnaBneHune



rnasA 1

BeeneHue

JlaHHOE yueOHOe ocodre — JIyqIIni ciocod MO3HAKOMUTHCS ¢ Sage 3a HECKOJIBKO 4acoB. Bl MojkeTe MCIonb30Barh €ro
B HTML unu PDF ¢opmare, a Takske OTKPbITh MHTEPAKTUBHYIO BEPCHIO /7151 HEIOCPEACTBEHHO! paboThl B Sage notebook:
HaxMmuTe Help, nmotoM Tutorial. (MHTepakTHBHAsI BEpCHs MOXET OBITh HEIOCTYIIHA HA PYCCKOM SI3bIKE, HO MOXET
ObITH OOJICE TIOJTHOM U TOYHEEe COOTBETCTBOBATh TEKYIIEH Bepcuu Sage.)

Cy1mecTBeHHas yacTh Sage HamnvcaHa Ha si3bIKe porpamMmupoBanus Python, onHako ero 3HaHue He TpeOyercs Uis dTe-
HUS JaHHOro moco6usi. Ecim Bel moxkenaere y3HaTh Oonbinie o Python (odeHb 37eraHTHBIN SA3BIK!), CYIIECTBYET MHOTO
MpeKpacHbIX (M OeCIIaTHBIX) UCTOYHUKOB. PykoBoICTBO st HaunHamommx Python [PyB] nepeuunciisier MHOXECTBO Ba-
puanToB. JIJ1s1 IEpBOTo ke 3HAKOMCTBA ¢ Sage TaHHOe T0CoOue IBJISIETCS] OTIIMYHON OTHPABHOM TOUYKOM. MTak:

sage: 2 + 2

4

sage: factor (-2007)
=il ¥ 372 *© 223

sage: A = matrix (4,4, range(l6)); A

[0 1 2 3]
[ 4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]

sage: factor (A.charpoly())
x"2 * (x*2 - 30*x — 80)

sage: m = matrix(ZZ,2, range(4))
sage: m[0,0] = m[0,0] - 3

sage: m

[-3 1]

[ 2 3]

sage: E = EllipticCurve([1,2,3,4,5]);

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5
over Rational Field

(mpogormkaeTcst Ha CIeyIoNIel CTpaHuLe)
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(IpoIOIKEHHE C TIPEbIAYIIEH CTPaHULIbI)
sage: E.anlist (10)
[OI 1/ ll Or _ll _31 OI _11 _31 _3/ _3]
sage: E.rank()
1

sage: k = 1/ (sqrt(3)*I + 3/4 + sqrt(73)*5/9); k
36/ (20*sqrt (73) + 36*I*sqrt(3) + 27)

sage: N (k)
0.165495678130644 — 0.0521492082074256*1
sage: N (k,30) # ToumocTb 30 6HT

0.16549568 — 0.052149208*I
sage: latex (k)
\frac{36}{20 \, \sqrt{73} + 36 i \, \sqrt{3} + 27}

1.1 YcrTraHoBKa

Eciu Ha BallieM KOMITbIOTepe He YCTAHOBJIEH Sage, U Bbl XOTUTE IOMPOOOBATh HEKOTOPhIE KOMAH/IbI, BOCIIOJIb3YHTECH ITOM
cepltkon: http://sagecell.sagemath.org.

PyKoBozICTBO IO ycTaHOBKe Sage MOKHO IIPOCMOTPETh Ha IJIABHOM CTpaHULEe Sage B paszele JokyMeHTanuu: [SA] 3neck
MbI [IPUBE/IEM JIHIIIb HECKOJIBKO KOMMEHTAPHUEB:

1. 3arpyxeHHbId (aill YCTAaHOBKM Sage SIBISETCS CaMOAOCTaTOYHBIM. To ecTb, XoTs Sage wmcronb3yer Python,
IPython, PARI, GAP, Singular, Maxima, NTL, GMP u T.1., OTIeJIbHOHN YCTAHOBKH BBIIIIETIEPEUMCIEHHBIX TAKETOB
He TpeOyeTcsi, Tak Kak OHM yXke BKJIoueHbl. OfIHAaKO, /JIsl CIIONb30BaHUsI HEKOTOPHIX (PYHKLIMIA Sage TakuX, Kak
Macaulay nim KASH, Bbl 10/KHBI yCTaHOBUTD TpeOyomuecs (ailyibl WM UMETh COOTBETCTBYIOIIME TIPOTrPAMMBI
Ha BallleM KOMITbIoTepe.

2. IlpenBapuTeIbHO CKOMITMIIMPOBAHHYIO OMHAPHYIO BEPCUIO Sage, KOTOPYIO TaKkKe MOKHO HAlWTH Ha BeO-caiite, Oyzier
JIerde yCTaHOBUTb, YEM BEPCHUIO B UCXOIHOM Kojie. IIpocTo pacrakyiiTe 1 BBIOJIHUTE Sage.

3. Ecnu BB xemaete ucnosb3oBath nakeT SageTeX, KOTOPHI MO3BOIAET BCTABIATh PE3YJIbTaThl BRIYUCIEHUH Sage B
LaTeX dpaitn, Tpebyercs cnenars SageTeX usBectHbiM Bamerd cucteme TeX. st satoro msyunre cekipo «Make
SageTeX known to TeX» B PykoBozcTse 110 ycraHOBKe Sage (JaHHasi CChlIKa BEET K JIOKAJIbHOMY Pa3MEILEHUIO
KOIMH PyKOBOJCTBA 10 YCTAaHOBKE). DTO JOBOJILHO ITPOCTO; BaM MOHAZOOUTCSI BCETO JIUIIB CKOIMPOBAT OMH haiiit
B AMpeKTopuIo noucka TeX.

JokymeHTanusa no wucnois3oBaHmio SageTeX Haxomutcs B $SAGE_ROOT/venv/share/texmf/tex/
latex/sagetex/, rae «$SAGE_ROOT» COOTBETCTBYET IMPEKTOPHH, IJIe YCTAHOBJIEH caM Sage, Halpumep,
/opt/sage-9.6.

1.2 Pa6ora B Sage

Pa6ota B Sage MOxeT ObITb OCYIIECTBIICHa HECKOJIBKIMH ITy TSIMU:

* Notebook (rpacnueckuii nuaTepeiic): 3anycTure sage —-n jupyter; unraiite
Jupyter documentation on-line,

¢ NHTepakTHBHASI KOMaHIHASI CTPOKA: CM. MHmepakmueras 000N0uKd,

* IIporpammel: co3naHKe HHTEPIPETUPYEMBIX U KOMITHIIMPYEMBIX Iporpamm B Sage (cM. 3azpyska u npuxpennenie
¢aiinos Sage n Cozdarue KOMNUAUPOBAHHO20 KOOQ),

4 Masa 1. BeepeHue
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1.3

CxpunThI: co3qaHHe CAaMOCTOSITENBHBIX CKpUNTOB Ha Python, ucnosne3yomux 6udianoreku Sage (cm. Camocmo-
smenvivle ckpunmul Python/Sage).

LLenn Sage

ITose3Hblii: mpeanonaraemMas ayTUTOPHs TOb30BaTesIel Sage — 3TO IIKONBHUKY CTAPIIMX KJIACCOB, CTYAEHTHI,
y4utess, mpodeccopa U MaTeMaTUKH-HUCCefioBaTed. Llesb: npenocTaBuTh porpaMMHoe obecrieueHre, KoTopoe
ObUI0 OBl OJIE3HO JUI U3YYEHUS U UCCIIEJOBAaHUI ¢ MOMOIIBIO MAaTEMAaTUYECKHUX KOHCTPYKLIUI B anredpe, reomMer-
pYH, TEOPUH YHCEJl, YUCJEHHBIX BBIYMCIECHUSX M T.A. Sage yNpoIlaeT WHTEPaKTUBHOE SKCIIEPMMEHTHPOBAHUE C
MIOMOILBI0 MATEMAaTHYECKUX OOBEKTOB.

d dexTuBHbIi: ByibTe OBICTPHIMU B BBIYUCETHUSIX. Sage UCMIONb3YeT BHICOKOONTUMU3MPOBAHHOE IIPOrPaMMHOE
obecnieyenue, kak GMP, PARI, GAP, and NTL, u nostomy siBjisieTcs1 O4eHb OBICTPBIM B OIEPAIHsIX.

CBOOOIHBIIA 1 OTKPBITHII: VICXOMHBIN KO AOKEH ObITh CBOOOIHO JAOCTYITHBIM, TEM CaMBIM ITPEIOCTABIISIS TOJb-
30BaTesIsIM BO3MOXHOCTb IOHATh, YTO UMEHHO BBINOIHAETCS CUCTEMOM, U JIETKO JOMONHATHL ee. Tak ke, Kak U
MaTeMaTHK{ MPHOOpeTaloT Gojlee ITy0oKoe MOHMMAHKE TEOPEMBI, YIIyOisisich B ee JIOKa3aTebCTBO, JIOAH, Bbl-
MOJTHSIONIYE BBIYUCIIEHUS], B CHJIAX MOHATh, KaK 3TH BbIYUCIECHUS NPOU3BOASATCS, MIOUUTAB JIOKYMEHTUPOBaHHbIN
UCXOIHBIA Koit. Eciti BbI MCTIONb3yeTe BHIYMCICHHsT Sage B CBOMX IyOIMKAIMSIX, Bbl MOXETe ObITh YBEPEHBI, UTO
BaIllM YUTaTe M OyIyT BCEI/ia UMETh JOCTYII K Sage M BCeEMY NCXOHOMY Kojty. Bbl Takke MokeTe apXHMBUpPOBaTh U
nepepacnpeesaTh UCIOJIb3YeEMYIO BEPCHIO Sage.

Jlerko koMnuJIMpyeMslii: Sage J0KHO ObITh JIETKO CKOMIIMJIMPOBATh U3 UCXoAHbBIX KomoB nog GNU/Linux, OS
X 1 Windows. 9To peJOCTaBUT MOJIb30BATESIM BO3MOKHOCTh MOAUHUITMPOBATH M ONITUMU3U POBATH CHCTEMY TO]
CBOM IPEANOYTCHUS.

B3anmopeiictBue: ObecneunTh MPOCThIe U HaJeKHbIe MHTePEICH T MHOTHX APYTUX CUCTEM KOMITBIOTEPHON
anre6per, Bkmodast PARI, GAP, Singular, Maxima, KASH, Magma, Maple, and Mathematica. Sage co3gan st
00beJUHEHHSI Y PACHIMPEHUsT BOBMOXKHOCTEH CYIIECTBYIONIEr0 MATEMATHUYECKOrO MPOrPAMMHOIO 00eCTIeUeHHSI.

Xopomo J0KYMEHTHPOBaHHBI: Bbl umeere gocTym K yueOGHOMY NMOCOOMIO, PYKOBOJCTBY IO IPOrPaMMHUPO-
BaHMIO, CIIPaBOYHOMY PYKOBOACTBY M how-to, BKIOYaionye B ce0si MHOTOUHMCIICHHBIE TTPUMEPBI U 00CYKIeHHe
MaTeMaTUIeCKOH MOJIOTUIEKH.

Pacmupsiemplii: OObsABIISANTEe HOBBIC TUTIHI JAHHBIX WM PACIIMpPSNTEe BCTPOSHHBIE, UCTIONB3YHTE KO, HAITMCAH-
HBIF BO MHOYKECTBE SI3BIKOB.

Jpy:kecTBeHHBI: Bam Oynier Jierko MoHUMAaTh (DYHKIIMOHATIBHOCTh JTIOOOr0 0OBEKTa, a TaKXke MpPOoCMaTpUBaTh
JOKYMEHTAIMIO U KCXOMHBIN Kol Takke MMeNTe B BULY BHICOKHI YPOBEHb MOIICPKKH MOJIb30BATEIICH.

1.3. Lenu Sage 5
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FMABA 2

Typ no Sage

JlaHHBIA pa3zes NOKaxeT, 4To AOCTyNHO B Sage. [lia npyrux npumepoB cM. «Sage Constructions», re HaXOAATCS OTBETHI
Ha 9acTo 3a/1aBaeMble BONpockl. Takxke cM. «CIIpaBouHOE PyKOBOJCTBO Sage», B KOTOPOM MOKHO HAlTH THICSUH APYTHX
npumMepoB. C TaHHOW SKCKYpCHEi MOKHO paboTaTh UHTEPAKTUBHO, eciiu 3armycTuTh Sage Notebook 1 Haxarth Ha CChUIKY
Help.

(Eciu ypoku npocmarpuatotest B Sage Notebook, Haxkmute shift—enter Iyis TOro, 4ToOB BBIYUCIHTS JIIOOYIO sTIeH-
Ky BBOZIA. Jlo HakaTHsI coYeTaHMs KJIaBHII shift—-enter MOXHO pelakTHPOBATh TEKCT BBOJA. )

2.1 MNpuceanBaHune, cpaBHeHUe U apudpmeTuka

C HEeKOTOPHIMH MCKJIIOUEHUSIMU Sage UCTIONb3YeT s3bIK ITporpaMMHUpoBanus Python, mostoMy MHOrHe KHUTH, 3HAKOMSI-
e ¢ Python, momoryT B m3yuennu Sage.

Sage ucnonb3yeT = 17151 IPUCBauBaHUsl. ==, <=, >=, < U > UCMIOJIb3YIOTCS JIsl CDABHEHMUSI:
sage: a = 5
sage: a

5

sage: 2 == 2
True

sage: 2 == 3
False

sage: 2 < 3
True

sage: a == 5
True

Sage NOAACPIKUBACT BCE 0a30BbIE MATEMATUUECKUE onepanuun:

sage: 2**3 # ** o3HavaeT BO3BEIEHHE B CTENEHb
8
sage: 2"3 # B Sage * m ** CcHHOHHMEI (B oTinHYHEe OT Python)

(rpozokaeTcs Ha cielyiollei crpaHuLe)
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(IpoIOIKEHHE C TIPEbIAYIIEH CTPaHULIbI)
8
sage: 10 & 3 # ngmg pgenelx ypcen % o3HauvaerT mod, T.e. B34THE OCTATKa
1

sage: 10/4

5/2

sage: 10//4 # mgng nenelx uykcen // o3HayaeT LENOUYHCIEHHOE YacTHOoe
2

sage: 4 * (10 // 4) + 10 % 4 == 10

True

sage: 372*4 + 2%5

38

BrruucieHue BeIpakeHus, TaKoro kak 3°2+*4 + 2%5, IpOU3BOJUTCS B COOTBETCTBUH CO CTAPIIMHCTBOM ONEpaLuii, Kak
OIUCAHO B [Ipuopumem OUHAPHBIX APUPMEMUUECKUX ONEPAIMOPO8.

Sage TAaKKE MOAACPKMUBACT MHOI'MC MATEMATUYIECKUE q)yHK].[I/II/IZ

sage: sqrt(3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqgrt (3)

Kak nokaspiBaeT nocsieiHuil npuMep, HEKOTOPbIe MaTeMaTUUYECKUE BbIPAXKEHH ST BO3BPALIAIOT ,, TOUHbIE® BEJIMUUHBI, HO HE
4ucieHHble TprOsKeHust. [1ist Toro, 4to0bl MOMYYUTh YUCIEHHOE TPUOMKEHNE, UCTIONB3YiTe (DYHKIIUIO N WA METOJ
n (o0a umeloT Gosiee AIMHHBIE Ha3BaHUs - numerical_approx; GyHKIms N - 3TO TO Ke camoe, 4To U n). OHu npH-
HUMAIOT HeoOsI3aTeNIbHbIe apryMEHThl Prec, KOTOPHIA ONpe/eNnseT KOMMYecTBO OUTOB TOUHOCTH, U digit s, KOTOpbIH
orpezesieT KOJIMYECTBO IeCATUYHBIX Iudp TouHocTy. [To ymomvaHuio, npuMeHsietcst 53 Guta TOYHOCTH.

sage: exp(2)

en2

sage: n(exp(2))

7.38905609893065

sage: sqgrt (pi) .numerical_approx()
1.77245385090552

sage: sin(10) .n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical_approx (pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

Python nmeer auHAMUYECKIIA KOHTPOJIb THIIOB, TAK YTO 3HAUEHHUE, HA KOTOPOE CChIIAETCS IepeMeHHast, IMeeT THI, CBSI-
3aHHbIN ¢ HUM. OJJHAKO, JaHHAsI MIepeMEHHAsT MOKET CofiepKaTh 3HAUeHuUe JIIoO0ro Tura u3 s3sika Python:

sage: a = 5 # a — gemoe uYHCJIO

sage: type(a)

<class 'sage.rings.integer.Integer'>

sage: a = 5/3 # remepr a — pagHOHANBHOE UYHCIO
sage: type(a)

<class 'sage.rings.rational.Rational'>

sage: a = 'hello' # remepnr a — crpoka
sage: type(a)
€ooo "SER'E

131k C, KOTOPBIiI UMEET CTATMYECK I KOHTPOJIb TUTIOB, CYLIECTBEHHO OTIIMYAETCS; IepeMeHHas1, 00bsIBIIEHHAsI KaK 1eJ10e

8 Maea 2. Typ no Sage
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YUCII0, MOXKET COAEPKATH TOJIBKO LEJIOE YUCIIO.

2.2 NMonyyeHue nomoLu

B Sage ectp ncuepnbiBaioiias BCTpOSHHAs JOKyMEHTalus1, K KOTOPO MOXHO MOJIYYUTh JOCTYII, HareJaTaB UMl (pyHKIMN
WJIA KOHCTAHTBI C IOCJIEAYIOLUIUM BOIIPOCUTE/IBHBIM 3HAKOM:

sage: tan?

Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )
Docstring:

The tangent function

EXAMPLES :
sage: tan(pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan (pi/4)

1
sage: tan(1/2)
tan(1/2)

sage: RR(tan(1/2))
0.546302489843790
sage: log2?

Type: <class 'sage.functions.constants.Log2'>
Definition: log2( [noargspec] )
Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: float (log2)
0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision
sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068
sage: 1 = (1-1log2)/(1+log2); 1
(1 - log(2))/(log(2) + 1)
sage: R(1)
0.18123221829928249948761381864650311423330609774776013488056
sage: maxima (log2)

log(2)

sage: maxima (log2) .float ()

.6931471805599453

sage: gp(log2)

0.6931471805599453094172321215 # 32-bit

0.69314718055994530941723212145817656807 # 64-bit
(pOIOIKAETCs HA CIEAYIOIEH CTPAHULIE)
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(IpoIOIKEHHE C TIPEbIAYIIEH CTPaHULIbI)

sage: sudoku?

File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>

Definition: sudoku (A)

Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE :

sage: A = matrix(zz,9,(5,0,0, 0,8,0, 0,4,9, 0,0,0, 5,0,0,
0,3,0, 0,6,7, 3,0,0, 0,0,4, 1,5,0, ©,0,0, 0,0,0, ©,0,0, 2,0,8, 0,0,0,
%,0,0, 0,0,0, 0,4,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,
0,0,0, 4,9,0, 0,5,0, 0,0,31)

sage: A

[5 000800 4 9]

[000O5000 3 0]

[06 73 0000 1]

[1 5000000 0]

[0002 0800 0]

[00OOO0OO0OO0OO0 1 8]

[7 0000415 0]

[03 000200 0]

[4 9005000 3]

sage: sudoku (A)

[51 368724 9]

[84 95216 3 7]

[2 67 34958 1]

[1 58 46 397 2]

[9 742 18 3 6 5]

[326 7 9541 8]

[7 82 9 3415 6]

[6 351 7 289 4]

[4 9185 6 72 3]

Sage Takxke MpeIoCTaBIsieT BO3MOXHOCTD ,, ABTO3aBepIIeHHsI: HANleYaTaliTe HECKOJIBKO MEPBbIX OYKB Ha3BaHUsI (PYHKIIM
n HaxMuTe TAB. Hanmpuvep, ecu Haneyatats t a 1 Haxath TAB, Sage BeIBezieT tachyon, tan, tanh, taylor.
JaHHast (PyHKIMS IBJISIETCS] XOPOIIMM CIIOCOOOM TIOMCKA MMeH (DYHKLIMIA UM IPYyruX KOHCTPYKLIMI B Sage.

2.3 DYHKUMKU, OTCTYMNbI U CYHETYUKU

Jl71s1 Toro, 4To6s! onpeneuTh GyHKLMIO B Sage, MCronb3yiite KomManay de £ ¥ ABOETOUYME MOCTIE CIIMCKA UMEH MepeMeH-
HBIX:

sage: def is_even(n):
..... return n%2 == 0
sage: is_even (2)

True

sage: is_even(3)

False

3amerka: B 3aBucuMocTy OT Bepcuu y4eOGHOro nocoOus Ha BTOPOH CTPOKE TOTO MPUMEPa MOXKHO YBUIETh
rievaTaiTe ux, Tak Kak OHM CJIyXar JIMIIb JUIsl TOTO, YTOObI TIOKa3aTh OTCTYIIBI B KOJIE.

He onpenensiite TMIIOB apryMeHTOB. MOXXHO ONPEIENUTh HECKOJIBKO BU/IOB BBOJA, ApTYMEHTHI KOTOPHIX MOTYT UMETh
3HAYeHUs N0 yMordaHuio. Hampumep, (pyHKIMS B cieqyloIieM npuMepe uernoib3yer divisor=2, ecma divisor He
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sage: def is_divisible_by (number, divisor=2):

e return number%divisor == 0
sage: is_divisible_by (6, 2)

True

sage: is_divisible_by (6)

True

sage: is_divisible_by (6, 5)

False

Takxe MOXHO 3aJaBaTh BBOAHBIC JJaHHbIE B SIBHOM BH]IE Ipr BbIZOBE q)yHKHI/II/I. Ecnu 3amaBaTh napamMeTpol ABHO, TO
MOPAIOOK HE BAXKCH:

sage: is_divisible_by (6, divisor=5)

False

sage: is_divisible_by (divisor=2, number=6)
True

B Python 6;10k1 koza He OTIEN0TCS (PUTYPHBIMHA CKOOKaMHM WITH IPyTMMHA 0003HAYEHUSIMU, KaK B JPYTHX sI3bIKax. Bme-
CTO 3TOTO HMCIONB3YIOTCS OTCTYNBL. Harprmep, cienyiomiee BBIIACT CHHTAKCHUYECKYIO OMIMOKY, TaK Kak Iepel return
HET TAKOTO € KOJIMYECTBA OTCTYIOB, KaK B MPEABIAYIINX CTPOKAX.

sage: def even(n):
noook v = []
e for i in range(3,n):
e if i § 2 == 0:
e v.append (i)
50008 return v
Syntax Error:

return v

Ecnu no6aButh otcTymsl, (pyHKIMS OyneT padboTarhb:

sage: def even (n):
50008 v = []

e for i in range(3,n):
ce if 1 $ 2 == 0:
et v.append (i)
et return v

sage: even(10)

[4, 6, 8]

Touku ¢ 3arsaTol He HY)XHbI Ha KOHIAX CTPOK. MoxHo Pacioo)KUTh HECKOJIIbKO yTBep)K,I[CHI/Iﬁ Ha OZ[HOﬁ CTpOKE, OT-
JCJICHHBIX TOUYKaMH C 3arsITON:

sage: a = 5; b =a + 3; ¢c = b"2; c
64

Ecmm Tpe6yeTCﬂ PaCoIOKUTh CTPOKY KOJa Ha HECKOJIBKUX CTPOKaXx, PICl'IOIIb3yﬁTe \:

B Sage cueTynku mpou3BOAAT UTEpAIMK 110 MHTEPBATY LeJbIX yrices. Hampumep, repBast cTpoyka B IpuMepe 03HavyaeT
TO k€ camoe, 4To for (i=0; 1<3; i++) B C++ wm Java:
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sage: for i in range(3):
ce e print (i)

INepBas cTpouka B cieayomeM NpuMepe SKBUBalIeHTHA for (1=2;1<5;1i++).

sage: for i in range(2,5):
cee print (i)

Tperuii apryment 3amaet mar. Crienylomiee SKBUBAICHTHO for (i=1;1<6; i+=2).

sage: for i in range(1,6,2):
ce print (i)

Yacro Tpebyercs co30aTh TAOIHMITY 1J1s1 BRIBOJA YKCET, TOCYUTAHHBIX B Sage. Jlerkuil criocod — Ucrosb30Barh (popmaru-
poBaHMe cTpok. Hike cosnaercs Tabiuua ¢ TpeMs cTonOLamMy MPHHOM 6, copeprkaiiasi Tabuily KBapaToB U KyOOB:

sage: for i in range(5):

et print (' ''% (i, i%2, i73))
0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

CamMbIM 6a30BBIM THIIOM JaHHBIX B Sage ABJIACTCA CIIUMCOK — Ha60p Pa3IMIHbIX 0OBEKTOB. Haan/IMep, KOMaHa range
CO31acCT CITMCOK:

sage: list (range(2,10))
(2, 3, 4, 5, 6, 7, 8, 9]

I[anee TIOKa3aH MpuMep 0oJtee CITOKHOTO CITHACKA:

sage: v = [1, "hello", 2/3, sin(x"3)]
sage: v
[1, 'hello', 2/3, sin(x"3)]

I/IHI[CKCI)I B CIIMCKE HAYMHAIOTCA C HYJIA, KaK BO MHOTUX A3BIKaX MpOrpaMMHUpOBaHUSA.

sage: v[0]

1
sage: Vv|[3]
sin (x"3)

I/IcrI0m>3y171Te len (V) IJIF TOTO, YTOOBI MOJIYYUTh JUIMHY V; v . append (obj) mid Toro, 4100BI JOOABUTH HOBBIN 00b-
eKT K KoHlly v, udel v[i], 4TOOBI YAQIATD -1 JEMEHT U3 V:

sage: len(v)
4

(mpomomKaeTcs Ha CieyoLIei CTpaHuLe)
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(IpoIOIKEHHE C TIPEbIAYIIEH CTPaHULIbI)
sage: v.append(1.5)
sage: v
[1, 'hello', 2/3, sin(x”3), 1.50000000000000]
sage: del v[1]
sage: v
[1, 2/3, sin(x"3), 1.50000000000000]

Jlpyroii oueHb BaXXHBIA TUI JaHHBIX — CJIOBaph (MUIM aCCOIMATHBHBIA MaccuB). OH paboTaeT, Kak CITUCOK, HO MOXKET
OBITh MH/ICKCUPOBAH MOYTH JIOOBIM 00BEKTOM (MH/IEKCHI JOKHBI ObITh HEU3MEHHUMBIMU):

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']

=2

sage: dle]

pi

Takske MOXKXHO ONpeeUTh HOBBII THIT JAaHHBIX C UCIIOJIb30BaHUEM KJIAcCOB. MHKAICy/IMpOBaHUe MaTeMaTHUECKUX 00b-
€KTOB B KJIACCAX — TO MOIIIHAS TEXHUKA, KOTOpAsl MOKET [TOMOYb YITPOCTUTh U OPraHW30BaTh MporpaMmsl B Sage. Hike
MOKa3aH MpUMep KJiacca, KOTOPbI COCTOUT U3 CITUCKA MOJIOKUTEbHBIX YETHBIX LIEJIBIX YUCE JI0 71; OH MOJIyYeH U3 BCTPO-
€HHOro Tuma list.

sage: class Evens (list):

e oo def _ init_ (self, n):

et self.n = n

et list.__init__ (self, range(2, ntl, 2))
85048 def _ repr__ (self):

e return "Even positive numbers up to n."

Meron __init__ BBI3BIBAETCS JJIS MHUIUAIM3AINHA OOBEKTa IPH €r0 CO3JAHUN; METO ___repr___ BBIBEJET BCe 00b-
eKThl. KOHCTpyKTOp CITHCKa BBI3BIBAECTCS] BO BTOPOM CTpoUKe MeTofda __init_ . OOBeKT Kiacca Evens co3maercs B
ClIeqyIoIeM BUJIE:

sage: e = Evens (10)
sage: e
Even positive numbers up to n.

3ameTbTe, YTO € BBIBOOUTCS C IIOMOIIBI0 METOAA ___repr
ucnonb3yiTe (pyHKIMo 1ist:

. KOTOpI)IfI ObLIT 3aJlaH HaMHU. ,H)'[H MMPOCMOTPpaA CITUCKA YrCeJl

sage: list (e)
[2, 4, 6, 8, 10]

MokHO 0OpaTUThCSI K arpulyTy N WM MCIONB30BaTh € KaK CIHMCOK.

sage: e.n
10

sage: e[2]
6

2.3. DYHKUMKN, OTCTYMbI U CHETYUKN 13



Sage Tutorial in Russian, Bbeinyck 10.5

2.4 basoBas anre6pa u BblYMCIEHUS

Sage MOXKET OCYIIECTBIIATh BHIUKMCIEHU TAKHE, KAK TOUCK PEeIleHU ypaBHEeHU, AudpepeHIpoBaHIe, UHTET PUPOBaHKE
n npeobpazosanus Jlartaca. Cm. Sage Constructions , rie coepKarcsi IpUMepbI.

2.4.1 PeweHune ypaBHEeHUN

ToyHoe pelueHMe ypaBHEHUN

$yHkIMA solve penlaer ypaBHeHHs. [ ee MCHONIB30BaHMs CHAavala HY)KHO OIpPEeNTh HEKOTOphIE MEepeMEHHBIC;
apryMeHTaMu 1J1s solve OynyT ypaBHeHHUe (WM CHCTeMa YPaBHEHHI) U MIepeMeHHBbIe, Ul KOTOPBIX HYKHO HalWTH pe-
IeHNE:

sage: x = var('x")
sage: solve(x"2 + 3*x + 2, x)
% = =2, = = =1]

MoXHO peniaTh ypaBHEHHS AJIs1 OAHOM NIEpEeMEHHOH Yepes ipyrue:

sage: x, b, ¢ = var('x b c")
sage: solve([x"2 + b*x + ¢ == 0], x)
[x == -1/2*b - 1/2*sqrt (b"2 - 4*c), x == =-1/2*b + 1/2*sqrt (b"2 - 4*c)]

Taxsxe MOXHO pemarb YpaBHEHUA C HECKOJIbKUMU IIEPEMEHHBIMM

sage: x, y = var('x, y")
sage: solve ([x+y==6, x-y==4], X, y)
[[x == 5, v == 1]]

Crnenymonyii mpyuMep MOKa3bIBAET, KaK Sage pellaeT CUCTeMY HEeJIMHENHbIX YpaBHeHUH. [I71s Hauasia cucteMa peraercs
CHMBOJIBHO:

sage: var('x y p q'")

(x, v, P, Q)

sage: egl = ptg==

sage: eq2 = q*ytp*x==-6

sage: eg3 = g*y 2+p*x"2==24

sage: solve([egl,eq2,eq3,p==1]1,p,q,X%,Y)

[[p == 1, g == 8, x == -4/3*sqrt (10) - 2/3, y == 1/6*sqrt(10) - 2/3], [p == 1, q == 8§,
— X == 4/3*sqrt (10) - 2/3, y == —-1/6*sqrt (10) - 2/3]]

,HJIH HpI/I6J'[I/I)KCHHbIX 3HAUCHUI peueHuA MOKHO UCIIOJIb30BATh!:

sage: solns = solve([eql,eqg2,eq3,p==1],p,d,%X,y, solution_dict=True)
sage: [[s[p].n(30), s[g]l.n(30), s[x].n(30), sl[y].n(30)] for s in solns]
[[1.0000000, 8.0000000, —-4.8830369, -0.13962039],

[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

(OyHKIMS n BbIBEAET MPUOIIKEHHOE 3HAYeHHE. APryMEHTOM JUisl JaHHOU (DYHKIIMHU SIBJISIETCS] KOJTMYECTBO OUTOB TOY-
HOCTH)
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UnucneHHoe peLueHne ypaBHeHUN

Bo MHorux ciyvasx (yHKIMs solve He cocoOHa HalTH TOYHOE pellieHHe ypaBHEeHHs. BMecTo Hee MOXKHO HCIIONb-
30Barh (pyHKIMIO find_root Ad HaxoXIEHHWS YUCIEHHOro peleHus. Hanpumep, solve He BO3BpallaeT HUYEro
CYILIECTBEHHOTO 151 CIIEYIOIIEro ypaBHEeHHsI:

sage: theta = var('theta')
sage: solve(cos(theta)==sin(theta), theta)
[sin (theta) == cos(theta)]

C npyroii cropoHs! pyHKIMS £ind_root MOXET UCMOJIb30BAThCS s PEIeH s BIICYKa3aHHOTO pUMepa B UHTEp-
Bane 0 < ¢ < m/2:

sage: phi = var('phi')
sage: find_root (cos (phi)==sin(phi),0,pi/2)
0.785398163397448...

2.4.2 OundphepeHumnpoBaHue, MUHTErpupoBaHume U T.A4.

Sage ymeer quddepeHnmpoBars 1 MHTErpupoBarh MHorue (pyHkiwy. Hanpumep, muist Toro, 4to0s! ipoauddepeHmpo-
Bath sin(u) MO IepeMeHHOI u, TpeOyeTcs:

sage: u = var('u')
sage: diff (sin(u), u)
cos (u)

Jl1s1 noacyeTa YeTBepToit MPOoM3BOAHOI (pyHKIMY sin(x?) Hajo:

sage: diff (sin(x"2), x, 4)
16*x"4*sin (x"2) — 48*x"2*cos (x72) — 12*sin(x"2)

Jl1s1 HaXOKAEHUSI YaCTHBIX TPOU3BOAHBIX, KaK, HAIIpUMep, A (DyHKITIH 22 + 17y? 10 & U yy COOTBETCTBEHHO:

sage: x, y = var('x,y'")
sage: f = x"2 + 17*y"2
sage: f.diff (x)

2*x

sage: f.diff (y)

34*y

o e . 2 1
Tenepb HanJI€EM UHTETPpaJIbl: U ONIPEACTICHHBIC, 1 HEOIIPEACIICHHBIC. HaHpI/IMep, f T sm(x ) drun f 0 241 dx

sage: integral (x*sin(x"2), x)
-1/2*cos (x"2)

sage: integral (x/(x"2+1), x, 0, 1)
1/2*1og (2)

,HJ'[F[ HaXOXKACHUA Pa3JIOKEHUSA HaA IIPOCThIE IlpO6I/I JJIA ﬁ HYXXHO CICJIaTh CJIeAYIolIee:

sage: f = 1/((1+x)*(x-1))
sage: f.partial_fraction (x)
-1/2/(x + 1) + 1/2/(x - 1)
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2.4.3 PeweHune audcbdepeHunanbHbIX ypaBHEHUN

Sage MOKET UCIIONBb30BATHCS [1JIst pereHns auddepeHraIbHbIX ypaBHeHuii. s pemenus ypasuerus &' +x — 1 =0
clenaeM cleqyomee:

sage: t = var('t"') # ompenenenue NEPEeMeHHOH t [Oad CHMBOJbHBIX BBIUHCIEHHH
sage: x function('x"') (t) # ompeneneHue QYHKIHH X 3aBHCHmENR OT t

sage: DE = diff(x, t) + x - 1

sage: desolve(DE, [x,t])

(_C + e”t)*e” (-t)

Jlnst aToro ucnonb3yetcs untepdeiic Maxima [Max], HO9TOMY PE3y/BTaT MOKET ObITh BHIBE/IEH B BUJIE, OTIMYHOM OT
OGBIYHOTO BHIBOMA Sage. B naHHOM ciyuae oOllee pemeHue 1isl JaHHOTO JuddepeHIranbHoro ypasHenus - z(t) =
e et + O).

TpeoGpazosanus Jlammaca Takke MOryT ObITh BhluMclIeHbl. [Ipeobpasosanue Jlamnaca pis t2e! — sin(t) Bbruncnsercs
CIIEIYIOIIIM 00pa3oM:

sage: s = var("s")
sage: t = var("t")
sage: f = t"2%exp(t) - sin(t)

sage: f.laplace(t,s)
-1/(s”2 + 1) + 2/(s - 1)"3

IMpuBenem Gostee cioxHbii MpuMep. OTKIOHEHHE OT TIOJIOKEHUST PABHOBECHS [UIs1 TAPhl MIPYXHUH, MPUKPEIICHHBIX K
CTEHE CJIEBA,

[ ===~ \N/\/\/\/\-—=|maccal|-——-\/\/\/\/\/-———|mMacca2 |

npyxuHal NpyXuHa2

MOXeET OBITh MPEACTaBJICHO B BUJC ,III/I(i)q)epeHLII/IaJ'[I)HLIX ypaBHeHI/Iﬁ BTOPOIO NnopsAaKa
maxy + (ki + ka)zy — kawa =0
mgxg + kQ(I’Q — 1'1) = 0,

[JIe M,; - ITO Macca O0BEKTA I, &; - ITO OTKJIOHEHHUE OT TOJIOKEHUS PABHOBECHS MACCHI I, & k; - 9TO KOHCTAHTA [JIS1 TIPYKUHBI
I

IIpumep: Vcnons3yiite Sage mis BHIIEYKA3aHHOTO IpuMepa ¢ my = 2, mo = 1, k1 = 4, ka = 2, 21(0) = 3,
24(0) =0, 22(0) = 3, 25(0) = 0.

Penrennie: Hano Haiiti mpeoOpasoBaHue Jlariaca nepBoro ypaBHeHus (C YCIOBUEM T = X1, Y = X3):

sage: del = maxima("2*diff(x(t),t, 2) + 6*x(t) — 2*y(t)")
sage: ldel = del.laplace("t","s"); ldel.sage()
2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -

— 2*D[0] (x) (0)

IIaHHbeI PE3YIbTAT TAKEIO YATAEM, OJHAKO JOJIKEH OBITb MIOHAT KaK
—22(0) + 25% - X(s) — 252(0) — 2Y'(s) + 6X(s) =0

Haiinem npeo6pasoBanue Jlariaca [yisi BTOPOro ypaBHEHUsI:

sage: t,s = SR.var('t,s'")

sage: x = function('x')

sage: y = function('y')

sage: f = 2*x(t).diff(t,2) + 6*x(t) - 2*y(t)

(mpomoKaeTcs Ha CieyoLIei CTpaHuLe)
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(TTpONIOIIKEHNE C TIPEbIIYIIEH CTPAHHIbI)
sage: f.laplace(t,s)
2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -
< 2*D[0] (x) (0)

Pesynbrar:
~Y'(0) + s?Y (s) + 2Y(s) — 2X (s) — sy(0) = 0.

Bcerasum HavanbHble yeinosus ast 2(0), 2/ (0), y(0) n ¢’ (0), u penmm ypaBeHust:

sage: var('s X Y'")

(s, X, Y)
sage: egqns = [(2*s"2+6) *X-2*Y == 6*s, —-2*X +(s"2+2)*Y == 3*s]
sage: solve(egns, X,Y)
[[X == 3*(s"3 + 3*s)/(s™4 + 5*s”2 + 4),
Y == 3*(s"3 + 5*s)/(s™4 + 5*s72 + 4)]]

Tenepp npousBeaEM oOpaTHOe npeodpa3oBanyie Jlaraca ajis HaXOX/IEHHUsI OTBETa:

sage: var('s t')

(s, t)

sage: inverse_laplace((3*s"3 + 9*s)/(s"4 + 5*s”2 + 4),s,t)
cos (2*t) + 2*cos (t)

sage: inverse_laplace((3*s"3 + 15*s)/(s”4 + 5*s"2 + 4),s,t)
—cos (2*t) + 4*cos(t)

Hrak, oTBeT:
x1(t) = cos(2t) + 2cos(t), x2(t) = 4cos(t) — cos(2t).

I'pacpuk U151 OTBETa MOXET OBITH TIOCTPOEH NAPAMETPUIECKH, UCTIONb3YSI

sage: t = var('t")

sage: P = parametric_plot ((cos(2*t) + 2*cos(t), 4*cos(t) - cos(2*t) ),
e (t, 0, 2*pi), rgbcolor=hue(0.9))

sage: show (P)

I'pacpky MOTYT OBITH OCTPOEHBI 151 OTETBHBIX KOMIIOHEHTOB!

sage: t = var('t")
sage: pl = plot(cos(2*t) + 2*cos(t), (t,0, 2*pi), rgbcolor=hue (0.3))
sage: p2 = plot(4*cos(t) - cos(2*t), (t,0, 2*pi), rgbcolor=hue (0.6))
sage: show(pl + p2)

st Gonee wucueprbiBaoiert uagopmanuu mo rpadukam cM. [locmpoenue zpagpuxos. Takxke cM. cekuuio 5.5 u3
[NagleEtA12004] mnst yrnyonenHoi nHpopMatuu 1o AndepeHIaibHbM yPaBHEHUSIM.
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2.4.4 MeTop Ounepa Ans pewleHusi cucteMm gudpcpepeHumanbHbIX ypaBHEHUN

B cnenyiomem npumMepe nokasaH mertop Ditiepa 1A AudepeHIaIbHbIX YPAaBHEHUI NEPBOrO U BTOPOTO MOPSIIKOB.
CHauasia BCIIOMHUM, 4TO JIeJIaeTcsl Uil ypaBHEHHUH IepBoro rnopsiaka. [JaHa 3aja4a ¢ HayaJbHBIMU YCIOBUSIMU B BUJIE

y/ :f(zvy)v y(a) =

TpeOyeTcst HaWTH NPUOIU3UTENTBHOE 3HAUCHNE pelleHnsI pu © = bu b > a.

U3 onpenieneHust MpON3BOAHON CIIEIyeT, UTo

oy Y@+ h) —y(z)
y(z) m =,

~ Y(z+h)—
) ~ Yl Z y(

rae h > 0 maHo u siBjstercst HeOonbiunM. 1o u qudepertuaibHoe ypaBaerue gaor f(x, y(x 2), Tenepb

Hajo pewuthb st y(z + h):
y(x +h) =y(x) +h- flz,y(@)).

Ecnu nasBare h- f (2, y(x)) «IOMPaBOYHBIM IEMEHTOM>, Y(&) «IIPEXKHUM 3Ha4YeHHUEM y» a Y (x + h) «HOBBIM 3HAYCHHEM
y», TOra JaHHOE NMPUOIMKEHNE MOXKET ObITh BBIPAKEHO B BUJIE

Ynew = Yold + h- f(ma yold)~

Ecnu pa36uth uHTEpBa MexX1y a 1 b Ha n yacted, 4YToObl h = b_T“, TOT/Ia MOXKHO 3aI¥caTh MH(OPMAIIHIO AJIS1 TAaHHOTO
MeTona B Ta0uILy.

@ y h-f(z,y)
a c h- f(a,c)
a+h c+h- fa,c)

a+2h

b=a-+nh ?7?

Llenbio sSIBAISIETCS 3AIIOHUTH BCE ITYCTOTHI B TAONHMIIE [0 OJJHOMY Psijly 3 pa3 10 MOMEHTA JOCTIKEeHH S 3arvicu 7?7, KoTopas
U SIBJIAETCS! IPUOIMKEHHBIM 3HaUeHneM Metona Diinepa s y(b).

Pemenue cucrem g dhepeHIMaIbHbIX YpaBHEHUI TIOX0XKe Ha pellieHre OObIYHBIX I depeHIMaIbHbIX YPaBHEHUH.

Ipumep: Haiiaure uncieHHoe nMpuOIM3UTENbHOE 3HAYeHHE 1ist 2 () ipu ¢ = 1, ucnonb3ys 4 miara Metoza Ditiepa, rie
2+t +2=0,2(0)=1,2(0)=0.

TpeOyercs npuBectu audpepeHInanbHoe ypaBHeH e 2ro nopsaka K cucreMe AByx AnddepeHanbHbIX YpaBHEHUH nep-
BOTO Mopsifika (MCMONb3ys T = 2, iy = 2') ¥ IPUMEHUTH MeToj Diiepa:

sage: t,x,y = PolynomialRing(RealField(10),3,"txy") .gens()

sage: f =y; g=-x -y *¢t
sage: eulers_method_2x2 (f,qg, 0, 1, 0, 1/4, 1)
& x h*f (t,x,vy) y h*g(t, x,y)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022
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Wrak, z(1) ~ 0.75.

MokHO m1OCTpoMTh TrpaMK Ui TodeK (,y), YTOObl MOMYYUTh IMPUOJIU3UTEIBHBIA B KpPUBOA. DYHKIMA
eulers_method_2x2_plot BHIOJHUT JAHHYIO 3afady; AJS 3TOro HAaAO ONpeleuTb (PyHKUUU f U g, apryMEHT
KOTOPBIX UMEET TPpU KOOPIUHATHL (¢, T, Y).

sage: f = lambda z: z[2] # £(t,x,y) =y
sage: g lambda z: -sin(z[1]) # g(t,x,y) = —sin(x)
sage: P = eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

B sTOT MOMEHT P conepxkuT B cebe Ba rpaduka: P [0] - rpaduk z mo t u P [1] - rpaduk y o ¢. Oba 3tu rpacduka
MOT'YT OBITh BBIBEICHBI CJICIYIOIIUM 00Pa30M:

[sage: show (P[0] + P[1])

2.4.5 CneumnanbHble PYHKLUU

Heckospko OpTOroHasIbHbIX MOJMHOMOB U ClielaibHbIX (PYHKIME ocyiiecTsiieHsl ¢ nomoibio PARI [GAP] u Maxima
[Max].

sage: x = polygen(QQ, 'x')

sage: chebyshev_U (2, x)

4*x~2 — 1

sage: bessel_I(1,1).n(250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel_TI(1,1).n()

0.565159103992485

sage: bessel_TI(2,1.1).n()

0.167089499251049

Ha HaHHbeI MOMCEHT Sage paccMaTpuBacT JaHHbIC q)yHKI_II/II/I TOJIBKO JI YUCJIEHHOI'O MPUMEHEHUA. ﬂﬂﬂ CHUMBOJIBHOI'O
HCIIOJIb30BaHU HYKHO HAIIPAMYIO UCIIOJIb30BATh I/IHTCp(l)ef/’IC Maxima, KaK OIIMCaHO HUXKE!:

sage: maxima.eval ("f:bessel y (v, w)")
'bessel_y (v, w)'

sage: maxima.eval ("diff (£,w)")

' (bessel_y (v-1,w)-bessel_y (v+l,w)) /2"

2.5 MNMocTpoeHue rpacoukos

Sage MOXeT CTPOUTh AByMEPHbIE U TPEXMEpHbIE rpauKu.

2.5.1 [1BymepHble rpadourkum

B nByMepHOM TpOCTpaHCTBE Sage MOXKET OTPUCOBBIBATH KPYIH, JIMHUU U MHOTOYTOJIBHUKY; IpahiKu (PYHKIMA B Je-
KapTOBBIX KOOPIMHATAX; TAKXKe TPapMKU B MOJSPHBIX KOOPAUHATAX, KOHTYPHBIE TpaUKi 1 M300pakeHUs BEKTOPHBIX
nonedt. HekoTopele ipuMepbl OyyT nokasaHbl Huxe. [{jist 6osee rcueprbiBaoliei nHGOpPMAIMH MO MOCTPOSHUIO rpadu-
KOB cM. Peuuenue ougpgbeperyuanviivix ypasrenuti u Maxima, a Takxe qokymeHTanmo Sage Constructions.

,HaHHaH KOMaH/1a MIOCTPOUT KEJITYI0 OKPYKHOCTb panycCa lc HEHTPOM B Ha4daJie:

sage: circle((0,0), 1, rgbcolor=(1,1,0))
Graphics object consisting of 1 graphics primitive
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Taxke MOKHO ITOCTPOUTb KPYT:

Graphics object consisting of 1 graphics primitive

sage: circle((0,0), 1, rgbcolor=(1,1,0), fill=True) ’

MoHO co3/1aBaTh OKPYKHOCTb M 33/1aBaTh e KaKOW-JIMO0 nepeMeHHOM. [JaHHbIi TpuMep He Oy/ieT CTPOUTh OKPYKHOCTb:

[sage: c = circle((0,0), 1, rgbcolor=(1,1,0)) :

YToOBI MOCTPOUTS €€, UCIONb3YiTe ¢ . show () Wi show (c):

{sage: c.show () ]

c.save ('filename.png') coxpaHuT rpaduk B aii.

Terepb 3TH ,,OKPYKHOCTH OOJIBIIIE TIOXOKHU Ha SJUIHTICH, TAK KK OCH UMEIOT Pa3HbI MaclITad. ITO MOKXHO WCTIPABUTH
CIIEIYIOIIUM 00pa3oM:

[sage: c.show (aspect_ratio=1) ]

Komanga show (c, aspect_ratio=1) BHIOIHHAT TO ke camoe. COXpaHHUTh KAPTUHKY MOXHO C MOMOIIBIO C .
save ('filename.png', aspect_ratio=1).

Crpouts rpadgukn 6a30BbIX (DYHKIMH JIETKO:

sage: plot(cos, (-5,5))
Graphics object consisting of 1 graphics primitive

Kak Tonpko MM IepeMeHHOH oIpeeeHo, MOXHO CO3JaTh NapaMeTpruuecKuii rpauk:

sage: x = var('x")
sage: parametric_plot ((cos(x),sin(x)"3), (x,0,2*pi), rgbcolor=hue (0.6))
Graphics object consisting of 1 graphics primitive

Baxno OTMETUTD, UTO OCH rpacpm(a 6y}1yT MEepeCEKaThCH JIMIIb B TOM CJIy4ae, KOrjga Ha4ajlo KOOpAUHAT HAXOAWTCA B 110JIE
3peHUA Fpa(l)I/IKa, 1 4YTO K JOCTAaTOYHO OOJIBLINM 3HAYEHUSIM MOXKHO MNPUMEHUTDb HAYIHOE 0003HAYEHNE:

sage: plot (x"2, (x,300,500))
Graphics object consisting of 1 graphics primitive

MoxHO 00BbeIMHATh OCTPOEHHUSI, JOOABIASA UX OPYT APYTY:

sage: x = var('x"')
sage: pl parametric_plot ((cos(x),sin(x)), (x,0,2*pi), rgbcolor=hue(0.2))
sage: p2 = parametric_plot ((cos(x),sin(x)"2), (x,0,2*pi),rgbcolor=hue(0.4))

sage: p3 = parametric_plot ((cos (x),sin(x)"3), (x,0,2*pi),rgbcolor=hue (0.6))
sage: show (pl+p2+p3, axes=false)

Xopomwii criocod co3naHus 3aroHeHHBIX (PUTYp — CO3/aHKe CIUcKa Todek (L B CIIeyIoleM IpuMepe), a 3aTeM KC-
TMOJTb30BaHKE KOMaHABl polygon Uil MOCTPOeHUs (PUIYpHl C TPaHUIIAME, 00pa30BaHHBIMH 3aJaHHBIMU TOuKamu. K
MIpUMEpY, CO3TATNM 3eJICHBIN JeTbTON:

sage: L = [[-1+cos(pi*1/100)* (1+cos(pi*1/100)),

60008 2*sin (pi*1/100) * (1-cos (pi*1/100))] for i in range (200)]
sage: p = polygon (L, rgbcolor=(1/8,3/4,1/2))

sage: p

Graphics object consisting of 1 graphics primitive
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Haneuaraiite show (p, axes=false), 4ToObl HE IOKA3bIBATh OCEH HA rpauke.

MosxHO n0OaBUTH TEKCT Ha rpacdhuK:

sage: L = [[6*cos(pi*i/100)+5*cos ((6/2)*pi*i/100),

00008 6*sin (pi*i/100)-5*sin((6/2) *pi*i/100)] for i in range (200) ]
sage: p = polygon (L, rgbcolor=(1/8,1/4,1/2))

sage: t = text ("hypotrochoid", (5,4), rgbcolor=(1,0,0))

sage: show (p+t)

Vunrens MaTeMaTUKU 4acTO PUCYIOT CEAYIOINHA rpadMK Ha JOCKe: He OJHY BETBb arcsin, a HECKONBKO, T.e. Tpauk
dyskmn y = sin(x) 11st © Mexay —27 1 27, MepeBepHyYTHIA 110 OTHOLICHHIO K JMHUK B 45 rpamycoB. Creayomias
KOMaH/1a Sage MOCTPOUT BhIILIEyKa3aHHOE:

sage: v = [(sin(x),x) for x in srange(-2*float (pi),2*float (pi),0.1)]
sage: line(v)
Graphics object consisting of 1 graphics primitive

Tak kak beHKLlI/IH TaHTeHca UMeET OOJIBIIHI HUHTEPBAJI, YEM CUHYC, IIPU UCIIOJIb30BAHUN TOM K€ TEXHUKU JJIs1 TIEPEBEP-
TBIBAHUA TaHI'€HCaA Tpe6yeTCH WU3MEHUTHb MUHUMAJIbHOE 1 MAKCUMAJIBHOE 3HAYECHHN S KOOPAWHAT JIS OCH X:

sage: v = [(tan(x),x) for x in srange(-2*float (pi),2*float (pi),0.01)]
sage: show(line(v), xmin=-20, xmax=20)

Sage Takke MOXET CTPOUTH I'papKy B MOJNSPHBIX KOOPOMHATAX, KOHTYPHbBIE MOCTPOEHUST U M300paKeHUsT BEKTOPHBIX
nosneit (JUis cneluabHbIX BUIOB (pyHKLMIT). [lanee cieqyeTr npuMep KOHTYPHOTO YepTexa:

sage: f = lambda x,y: cos(x*y)
sage: contour_plot (£, (-4, 4), (-4, 4))
Graphics object consisting of 1 graphics primitive

2.5.2 TpexmepHble rpacoukm

Sage Takke MOKET ObITh MCIOJIb30BaH JIs1 CO3aHUsI TPEXMEPHBIX IpaMKoB. DTH rpapuKu CTPOSTCS C HIOMOIIIBIO ITAKeTa
[ThreelS], koTophiii MOAAEPKUBACT TOBOPOT M MPUOTMKEHUE KAPTHHKH C TOMOIIBIO MBIIIIH.

Hcnone3yiite plot 3d, 4to0bl mocTpouTh rpaduk dyHkmu dopmsl f(x,y) = z:

sage: x, y = var('x,y")
sage: plot3d(x"2 + y"2, (x,-2,2), (y,-2,2))
Graphics3d Object

Eme MoxHO ncrionb3oBath parametric_plot3d s noctpoeHus rpagpukoB napaMeTpuueckrux MOBEPXHOCTEH, Ie
KaXIbIA U3 ', Y, 2 onpenensercs (PyHKLMEH OHON WM JIBYX MepEMEHHbIX (TapameTpsl; OOBIYHO v M v). [Ipenpimyiuia
rparK MOXET OBITh BBIpaXKeH MapaMeTPHUYECKU B CIICAYIOLIEM BUJE:

sage: u, v = var('u, v')
sage: f_x(u, v) =u

sage: f_y(u, v) = v

sage: f_z(u, v) = u"2 + v"2

sage: parametric_plot3d([f_x, f_y, f_zl, (u, -2, 2), (v, -2, 2))
Graphics3d Object

Tpernii cmocod MoCTpouTh TPEXMEPHYIO TOBEPXHOCTH B Sage - ucnosb3oBanne implicit_plot 3d, KOTOPBIA CTPOUT
KOHTYpHI rpadukoB dyHKuui, KaK f(z,y, z) = 0. YroOsl mocTpoutsb cepy, BO3MOIB3YEMCsI KIACCHIECKON (hopMyItoii:
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sage: x, y, z = var('x, y, z')
sage: implicit_plot3d(x"2 + y*2 + z"2 - 4, (x,-2, 2), (y,-2, 2), (z,-2, 2))
Graphics3d Object

Huxe noka3aHbl HECKOJIBKO IPUMEPOB:

CkpelteHHbIN Kosmak (OIM3KUIA POICTBEHHUK IIMPOKO MU3BECTHOIO JincTa MEdnyca):

sage: u, v = var('u,v'")

sage: fx = (l+cos(v)) *cos(u)

sage: fy = (l+cos(v)) *sin (u)

sage: fz = -tanh((2/3)* (u-pi)) *sin (v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),

e frame=False, color="red")
Graphics3d Object

Kpyuensiit Toponn;

sage: u, v = var('u,v'")

sage: fx = (3+sin(v)+cos(u)) *cos(2*v)

sage: fy = (3+sin(v)+cos(u))*sin(2*v)

sage: fz = sin(u)+2*cos(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),

et frame=False, color="red")
Graphics3d Object

JlemHucKkara:
sage: x, y, z = var('x,y,z")
sage: f(x, y, z) = 4*x"2 * (x"2 + y*2 + 272 + z) + y*"2 * (y"2 + z72 - 1)

sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1), (z, -1, 1))
Graphics3d Object

2.6 PacnpoctpaHéHHble npobnembl ¢ hyHKLUAMN

Hekotopble acniekTsl omnpeseneHus (pyHKuui (Hanpumep, 11 auddepeHMpoBaHus WiIK NOCTPOeHUs rpaguka) MoryT
OBITH He sicHBI. B 3TOM pasyesnie Mbl obpaiiaeM BHIMaHe Ha HEKOTOpbIe HanboJiee paclipocTpaHeHHbIE TIPOOIEMBI.

Jlanee MOKa3aHbl HECKOJIBKO CIIOCOO0B OnpeacjaeHud Toro, 4YTo0 MOXHO Ha3BaThb «prHKL[PICfI»Z

1. Onpepenute pynkuuio Python, kak orucano B pazaene @yrxyuu, omcmynsl i cuemuuxi. 11 TaKUX (PyHKIUN MOKHO
MOCTPOUTH I'pachuKu, HO TpoarepeHITPOBATh UM IPOUHTET PUPOBATh UX HEJb34.

sage: def f(z): return z"2
sage: type (f)

<... 'function'>

sage: f(3)

9

sage: plot(f, 0, 2)
Graphics object consisting of 1 graphics primitive

OO0pariTe BHUMaHME Ha CUHTAKCUC B TIOCHEIHeH cTpouke. plot (£ (z), O, 2) BbyIAcT OMMOKY, TaKk KaK z - 3TO
nepeMeHHas1-00JIBaHKa B OIpeiesieHnu £, KoTopas He onpelie/ieHa BHYTPU JaHHOU KoHcTpykimw. [Ipocto £ (z) Bo3Bpa-
tut oumbKy. Crenyioriee Oyfer padoTaTh B JAHHOM KOHTEKCTE, OJTHAKO, B OOIIEM, BOBHUKHYT HEKOTOPbIE 3aTpy/IHEHHUS,
HO OHU MOT'YT OBbITh IIPOMTHOPUPOBAHBI (CM. MYHKT 4).
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sage: var('z") # ompeneneHHe NEPEMEeHHOH Z MOA9 CHMBOJBbHBIX BBIUHCIEHHH
Z

sage: f(z)

z"2

sage: plot(f(z), 0, 2)

Graphics object consisting of 1 graphics primitive

B s10M cityyae £ (z) - 3TO CUMBOJIBHOE BBIPAXKEHMUE.

2. OnpejeniM «BbI3bIBAEMOE CUMBOJIBHOE BbIpaxeHue». OHO MOXeT ObITh IpoaudhepeHIIpOBaHO, IPOUHTET PUPOBAHO,
a TaK)ke MOXHO IOCTPOUTD €ro rpauk.

sage: g(x) = x"2

sage: g # g orobpaxaer x B x"2
X |=-—> x"2

sage: g(3)

9

sage: Dg = g.derivative(); Dg

R|==> 2%x%

sage: Dg(3)

6

sage: type (g)

<class 'sage.symbolic.expression.Expression'>
sage: plot(g, 0, 2)

Graphics object consisting of 1 graphics primitive

Ecmu g — 3T0 BHIBBIBaEMOE CUMBOJIBHOE BHIPaXKEHHUE, g (X ) — 3TO CBSI3SHHBIA C HUM OOBEKT, HO JIPYyroro BUAA, IS
KOTOPOTO MOKHO ITOCTPOUTH TpaprK U KOTOPBHIA MOXKHO qriphepeHIIMUpOBaTh M T.1.

sage: g (x)

xX"2

sage: type (g(x))

<class 'sage.symbolic.expression.Expression'>
sage: g(x).derivative ()

2753

sage: plot(g(x), 0, 2)

Graphics object consisting of 1 graphics primitive

3. MOKHO HCIIOJIb30BaTh yikKe OnpeaeieHHy (DyHKIU Sage — ,,(pyHKIMIO ucUrcieHus1 . J[171s1 Hee MOKeT ObITh IIOCTPOEH
rpachMK, OHAa MOKET OBbITh ITpoarhepeHIIPOBaHa U TPOMHTET PUPOBAHA.

sage: type(sin)

<class 'sage.functions.trig.Function_sin'>

sage: plot(sin, 0, 2)

Graphics object consisting of 1 graphics primitive
sage: type(sin(x))

<class 'sage.symbolic.expression.Expression'>
sage: plot (sin(x), 0, 2)

Graphics object consisting of 1 graphics primitive

Cama 110 cebe (pyHKIMS sin He MoXkeT ObITh NponuddepeHIMpoBaHa, O KpaitHel Mepe, He MOKET MPOU3BECTH COS.

sage: f = sin
sage: f.derivative()
Traceback (most recent call last):

AttributeError:
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Ucnonv3oBanne £ = sin (x) BMECTO sin pa60TaeT, HO JIy4llle UCTIONB30BaTh £ (xX) = sin (x) g TOro, 4TOOBI
OIIPENEIUTH BBI3BIBAEMOE CUMBOJIBHOE BBIPAKECHUE.

sage: S(x) = sin(x)
sage: S.derivative ()
X |——> cos (x)

Maniee cienyioT HEKOTOpbie 00IIHe MPOOIIEMbI C O0bSICHEHUEM:

4. CnyyvaiiHas OlIeHKa.

sage: def h(x):

if x<2:

et return 0
et else:

50008 return x-2

Ipodnema: plot (h(x), 0, 4) mocrpout KpuBylo y = x — 2. [IpuunHa: B xomanme plot (h(x), 0, 4) cHa-
yaJia OLIEHMBAeTcs h (x) , YT0 O3HavYaeT MOACTaBKY X B (DYHKLMIO h U OLEHKY x<2.

sage: type (x<2)
<class 'sage.symbolic.expression.Expression'>

Pemenue: He ucnons3yiite plot (h (x), 0, 4);UCHONb3yHTe:

sage: plot(h, 0, 4)
Graphics object consisting of 1 graphics primitive

5. OmmboYHOE CO3aHNe KOHCTAHTHI BMECTO (DYHKIIUH.

sage: f = x

sage: g = f.derivative()
sage: g

1

Ipodnema: g (3) , HaprMep, BO3BPATUT OMHUOKY ¢ coodmieHreM «ValueError: the number of arguments must be less
than or equal to 0.»

sage: type (f)
<class 'sage.symbolic.expression.Expression'>
sage: type (g)
<class 'sage.symbolic.expression.Expression'>

g HE ABJIACTCA (I)yHKHHCIZ, 9TO KOHCTAHTA, MO9TOMY OHA HE UMECT IMECPEMEHHBIX, K1 Bbl MOXKETEC BCTABJIATH YTO YIrOJHO B
HEE.

Perienue: ectb HECKOIBKO BO3MOXKHBIX ITyTeH.

° OHpe}IeJ’II/ITL f M3HAYAJIbHO KaK CUMBOJILHOE BbIpak€HUE.

sage: f(x) = x # BMecTO 'f = X'
sage: g = f.derivative()

sage: g

X |-—> 1

sage: g (3)

1

sage: type (9)
<class 'sage.symbolic.expression.Expression'>
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* JIu6o BMecTe ¢ £, onpe/eneHHOM BbIllIe, OMPENenTh g KK CUMBOJIBHOE BhIPAKEHHE.

sage: f = x

sage: g(x) = f.derivative () # BMecTto 'g = f.derivative()'
sage: g

x |=——> 1

sage: g (3)

1

sage: type (g)
<class 'sage.symbolic.expression.Expression'>

e JIuboc f u g, 3aJaHHbIMU, KaK IMOKa3aHO BBILIC, CO3AaTh MEPEMEHHYI0, 1O KOTOPYIO NOACTABJIAIOTCS 3HAYCHUA.

sage: f = x

sage: g = f.derivative()

sage: g

1

sage: g(x=3) # BmMecTO 'g(3)'

1

Ecrb erie oquH crioco0d, Kak OIIPENE/IUTD pa3jInuie MeXAy NPOU3BOAHbIMU £ = x U £ (X) = x
sage: f(x) = x

sage: g = f.derivative()

sage: g.variables|() # mepeMeHHble, KOTOPBIE NPHCYTCTBYIOT B g

()

sage: g.arguments() # apryMeHTbl, KOTOPLIE MOI'yT ObITh HOLCTABIEHBl B g
(x,)

sage: f = x

sage: h = f.derivative()

sage: h.variables|()

0)

sage: h.arguments ()

0)

Kak noka3splBaeT JaHHBIIA pUMep, h He IPMHUMAET apryMEHTOB, IT03TOMY h (3) BepHeT OIIMOKY.

2.7 OCHOBHbI€e KOJibLLa

IIpu 0ObsIBACHUM MaTpPHII, BEKTOPOB MM MOJIMHOMOB [UIsl HUX WHOIJA IMOJIE3HO, a WHOIA M HEOOXOAUMO OMpeessaTh
«KOJIbIIa», HA KOTOPBIX OHU orpefeNieHbl. Koabyo - 3T0 MaTeMaTuyeckasi KOHCTPYKIIMs, B KOTOPOl CYIIECTBYIOT OIpe-
JleJIeHHBIE MTOHSTUSI CYMMBI U ITpou3BeieHus. Eciii Bbl HUKOTIA O HUX HE CIIbIIIAJIH, TO BaM, BEPOSITHO, JOCTATOUHO 3HATh
00 9TUX YETHIPEX YaCTO MCIIONB3YEMbIX KOJBIIAX:

* nenble uncna {...,—1,0,1,2, ...}, Ha3biBaeMble Z7Z B Sage.

* PALMOHAJILHBIE YUCIIA — HAITPUMED, APOOK MJIM OTHOILEHHUS LENbIX YKMCE —, Ha3bBaeMble QQ B Sage.
* BEILECTBEHHBIE YMCIIA, Ha3bIBaeMble RR B Sage.

* KOMILIEKCHBIE YMCIIa, Ha3biBaeMble CC B Sage.

3HaHMe Pa3IMYNi MeXIy JAHHBIMHU KOJIBLIAMU OYeHb BaXKHO, TaK KaK OAWH U TOT Xe MOJIMHOM, ONpeIeSIeHHbIN B Pa3HBIX
KOJIBLIAX, MOXKET BECTH cedsi 10-pasHoMy. Harpumep, onmHoM x2 — 2 nMeet aBa KOpHs: £1/2. TH KOPHH He ABJISIOTCS
PaIMOHATLHBIME YKCIIAMU, TOSTOMY €CJTA BBl Pa0OTaeTe ¢ MOJMHOMAMHU C PallMOHATBHBIMU KO3(h(DUIMIEHTaMH, TO TIOJH-
HOM He OyJieT pa3naratbcst Ha MHOKUTeM. C BemecTBeHHBIME Ko purmertamu — Oyaet. [loatomy cTouT orpenenirhb
KOJIBIIO, YTOOBI OBITh YBEPEHHBIM, UTO TIOJTYyUYEHHBIH pe3yabTaT OyaeT npaBuibHbiM. Clieqyioliye ABe KOMaH/Ibl 33/1ai0T
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MHOXECTBA TOJIMHOMOB C PAlIOHAJIbHBIMK KO3(h(DUIIMEHTAMU U BEIECTBEHHBIMU KOI(D(UIIIEHTAMI COOTBETCTBEHHO.
MHo:xecTBa Ha3BaHbl «ratpoly» u «realpoly», HO 3TO He CTO/Ib BaXKHO B JJAHHOM KOHTEKCTE, OIHAKO CUMBOJIbHbBIE COUe-
TaHUSA «.<t>» U «.<Z>» SABJIFIOTCS Ha3BaHUSAMU NIEPEMEHHBIX, UCTOIb30BAHHbIX B JBYX CIIyJasX.

sage: ratpoly.<t> = PolynomialRing (QQ)
sage: realpoly.<z> = PolynomialRing (RR)

®akTopusupyem 2 — 2:

sage: factor(t"2-2)

tr"2 - 2

sage: factor(z"2-2)

(z — 1.41421356237310) * (z + 1.41421356237310)

CumBos I 0003HAYaeT KBaIPATHbINA KOpeHb 13 —1; i — 3T0 TO *Ke camoe, uto I. KoHeyHo, 3TO He pallMoHAIbHOE YMCIIO:

sage: 1 # xBampaTHEIH KOpPEeHb H3 —1
I

sage: i in QQ

False

3ameTka: BrimeonmcaHHbIi KOJ MOKET paboTaTh He TaK, KaK 3ayMBIBAJIOCh, €CIIM TIEPeMEHHON 1 ObLIO 3a[JaHO JApyroe
3Ha4YEHUe, HAIIpUMEp, €CIIH OHO ObLIO UCIIONBb30BaHO, KaK CUETUYMK JUIsl [IUKJIA. B TakoM cilyuae BBeuTE

[sage: reset ('1i'")

JJId TOro, YTOOBI TMOTYYUTh U3HAYAJIbBHOE KOMIIJIEKCHOE 3HAYCHUE 1i.

EcTtb 01Ha TOHKOCTD B 32/IaHMY KOMILIEKCHBIX YMCEJT: KaK OMKUCAHO BhIIIIE, CAMBOJI 1 MPeJCTaBIIseT KBaAPATHBIN KOPEHb U3
—1, Ho 3TO KOpeHb u3 — 1 Kak anredpanveckoe uucio. Be3oB CC (1) wmm CC.gen (0) wm CC . 0 BEpHET KOMIAEKCHbLL
KBaJpaTHBIA KOpeHb U3 —1.

sage: i = CC(1) # KOMOIEeXCcHOEe YHCIO C NIaBapljeld 3amndToH
sage: i == CC.0

True

sage: a, b = 4/3, 2/3

sage: z = a + b*i

sage: z

1.33333333333333 + 0.666666666666667*1

sage: z.imag () # MHHMAd YACTh

0.666666666666667

sage: z.real() == a # aBTOMATHYECKOE NPHBENEHHE THIOB NEpel CPABHEHHEM
True

sage: a + b

2

sage: 2*b == a

True

sage: parent (2/3)

Rational Field

sage: parent (4/2)

Rational Field

sage: 2/3 + 0.1 # aBToMaTHUeECKOe NPHBELEHHE THIOB MNEPEeln CIOXEHHEM
0.766666666666667

sage: 0.1 + 2/3 # npuBemeHHe THIOB B Sage CHMMETPHYHO
0.766666666666667

Janee crenyioT npuMeps! 6a30BbIX Koslell B Sage. Kak oTMeueHo Bblile, KOJbLIO PalJMOHANIBHBIX YHCeN 0003HaYaeTcsl Kak
Q0Q, a Takxke Kak RationalField () (nose - 3TO KONbLIO, B KOTOPOM IPOU3BE/IEHUE SBJIAETCS KOMMYTATUBHBIM U
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B KOTOPOM KaK[blii HEHYJIEBOUM 3JIEMEHT MMeeT OOpaTHYIO BEJIMYMHY B 9TOM KOJIblie (PallMOHANIbHBIC YKCIIA SBIISIOTCS
OJIEM, a LIeJIbIE - HET):

sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ

True

HecsatraHoe Yucio 1 . 2 paccMaTpuBaeTcs Kak QQ: AeCATUYHBIE YHCIIa, KOTOPBIE TAKXKe SIBJISIOTCS PAIMOHAIBHBIMU, MO-
I'yT OBITh «IIPUBE/ICHBI» K pallIOHAJIbHBIM uKciiaM. Yucna m u /2 ue sBsorcs PpaMOHATLHBIMHU:

sage: 1.2 in QQ
True

sage: pi in QQ
False

sage: pi in RR

True

sage: sqrt(2) in QQ
False

sage: sqrt(2) in CC
True

H.IISI HCIIOJIb30BAaHMS B BHICILIEN MaTeEMATHKE Sage TAKKE MOXKET BBIIIOJIHATL ON€paliun ¢ IpYyruMu KOJIbIIaMH, KaK KOHEY-
HBIC IT0JIA, p-aJUICCKUE YUCiia, KOJIbLO anre6pa1x1qec1<nx qurcel1, MOJIMHOMUAJIBHBIE KOJIbIId U MATPUYHBIC KOJIbLIA. Jlanee
TMOKa3aHbl HEKOTOPbIC U3 HUX!

sage: GF (3)

Finite Field of size 3

sage: GF (27, 'a') # ecnu nose He NpOoCTOEe, HYXHO 3alaTh HMI IE€Heparopa
Finite Field in a of size 3”3

sage: Zp(5)

5-adic Ring with capped relative precision 20

sage: sqgrt (3) in QQbar # amrebpamnueckoe 3ameikakue Q0

True

2.8 JlnHenHas anre6bpa

Sage mopepkuBaeT CTaHAAPTHBIE KOHCTPYKLIMM U3 JIMHEHHOH ajreOphl, KAK XapakTepUCTHYECKHe TTOIMHOMBI, CTYIICH-
yaTble (pOpMBbI, CyMMBI 2JIEMEHTOB [JIABHOH AMArOHAIM MaTPULIbl, Pa3IOKEHUS.

Co3znaBath U NEPEMHOKATb MaTPUIIbI JIETKO:

sage: A = Matrix([[1,2,3],
sage: w = vector([1,1,-4])
sage: w*A

(0, 0, 0)

sage: A*w

(-9, 1, -2)

sage: kernel (A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[ 1 1 -4]

(3,2,11,101,1,11])
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Perienyie MaTpU4HBIX ypaBHEHMI Takke BBIIONHSETCS Oe3 3aTpyAHEHWid, UCHoNb3ysd MeTon solve_right. Berunmc-
JeHue A.solve_right (Y) Bo3Bparut Marpully (i Bektop) X Takou, yro AX =Y

sage:
sage:
sage:
(=2, 1, 0)

sage: A * X # mposepka. ..
(0, -4, -1)

= vector ([0, -4, —-11)
A.solve_right (Y)

XX
II

Ecnu peliieHus He CyIECTBYeT, TO Sage BEpHET OLIUOKY:

sage: A.solve_right (w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

Ucnonbayiite A . solve_left (Y), yrooOsl Haiith X B X A = Y. Sage MOXeT HaXomuTh COOCTBEHHOE YHCIIO U COO-
CTBEHHBII BEKTOP:

sage: A = matrix([[0, 4], [-1, 011)
sage: A.eigenvalues ()
[-2*I, 2*I]

sage: B = matrix([[1, 31, [3, 111)
sage: B.eigenvectors_left ()

[(4, [

(1, 1)

1, 1), (=2, I

(1, -1)

(Pesynbrar eigenvectors_left - 3T0 CIIUCOK TpoeK: (COOCTBEHHOE YKCIIO, COOCTBEHHBIN BEKTOP, MHOr00Opasue).)
CoOcTBeHHbIE YMCIa U BEKTOpa A1 QQ WM RR Takke MOTYT ObITh BBIYHCIIEHBI ¢ MTOMOIIBI0 Maxima (cm. Maxima).

Kak YKa3aHO B pasfjeie OcHoenvle KO/1bld, KOJIbLIO, B KOTOPOM OIIpEJIC/IEHA MAaTpHUlla, BIUAET Ha HEKOTOPLIE €€ CBOIICTBA.
B cnenyroliiem npumepe MepBblil apryMeHT KOMaH/Ibpl mat rix coolmiaer Sage, 4ToObl MaTpHId paCCMATPUBAJIACH KAk
MaTpuIia HeJbIX Yuces (Caydail ¢ Z7), Kak MaTpHIla palMoHAIBHBIX yrces (QQ) WM KaK MaTpHLA BEIIECTBEHHBIX YHCE
(RR):

sage: AZ = matrix(zz, [[2,0]1, [0,111)
sage: AQ = matrix(QQ, [[2,0]1, [0,111)
sage: AR = matrix(RR, [[2,0], [0,1]11])
sage: AZ.echelon_form()

[2 0]

[0 1]

sage: AQ.echelon_form()

[1 0]

[0 1]

sage: AR.echelon_form()
[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

L7151 BBIYMCIIEHHsI COOCTBEHHBIX 3HAYEHHUI M COOCTBEHHBIX BEKTOPOB MATPHII ISHCTBUTENbHBIX I KOMIUIEKCHBIX YUCET C
TUIABAIOIIEN TOYKOH, MaTpUIla JOJDKHA ObITh orpeenieHa Haa RDF (Real Double Field) wiu CDF (Complex Double Field),
COOTBETCTBEHHO. ECiu KOJbIIO He yKa3aHO, U B MaTpUIIE UCTIONb3YIOTCS IEHCTBUTEIbHbBIE UITM KOMILIEKCHBIE KOHCTAHTHI C
TJ1aBaloIIel TOUKOM, TO (110 YMOJIYaHUIO) OHA OTIpe/ie/ieHa Hall He BCerja MOJIepAKUBAIOIIMMHU TAKWE BBIYUCIIEHUS TIOJISIMU
RR nim CC, COOTBETCTBEHHO:
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sage: ARDF = matrix(RDF, [[1.2, 2], [2, 311])

sage: ARDF.eigenvalues () # rel tol 8e-16

[-0.09317121994613098, 4.293171219946131]

sage: ACDF = matrix(CDF, [[1.2, I], [2, 311])

sage: ACDF.eigenvectors_right () # rel tol 3e-15

[(0.8818456983293743 - 0.8209140653434135*I, [(0.7505608183809549, -0.616145932704589..
—+ 0.2387941530333261*1)1, 1),

(3.3181543016706256 + 0.8209140653434133*T, [(0.14559469829270957 + 0.
—3756690858502104*T, 0.9152458258662108) 1, 1)]

2.8.1 MatpuyHoe NpoCTpaHCTBO

Cosaaaum mpoctpalcTBo Mats 3 (Q), cocTosiiee U3 MaTpuil 3 X 3 C 9JeMEHTAMY U3 PALMOHATBHBIX YKCEI:

sage: M = MatrixSpace (QQ, 3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

(st TOrO, YTOOBI CO3AATh MPOCTPAHCTBO M3 MATpull 3 Ha 4, ucnonb3yiite MatrixSpace (QQ, 3, 4). Ecim yuc-
JIO CTONOLIOB HE YKa3aHO, 0 YMOJIYAHHUIO OHO OyJeT paBHO YMCIy CTpok (MatrixSpace (QQ, 3) 3KBHUBAJIEHTHO
MatrixSpace (QQ, 3, 3).) MaTpruHOe POCTPAHCTBO CHAOKEHO ero KAHOHUYECKOM 06a30ii:

sage: B = M.basis()
sage: len (B)

9

sage: B[O0,1]

[0 1 0]

[0 O 0]

[0 0 0]

Cozpagum MaTpuly Kak 3JIeMeHT M.

sage: A = M(range(9)); A
[0 1 2]
[3 4 5]

]

[6 7 8

,Ila.nee TIOKAXKEM BbIYUCJIEHHUE MATpUll, OMPEACTICHHbIX B KOHEYHbIX IMOJIAX:

sage: M = MatrixSpace (GF (2),4,38)

sage: A = M([Z1,1,0,0, 1,2,21,2, 0,1,0,0, 1,0,1,1,
e 0,0,1,0, 1,1,0,4, 0,0,1,4, d,1d,id,0])
sage: A

[1 100111 1]

[01 00101 1]

[0O0O1 0110 1]

[00 11111 0]

sage: rows = A.rows ()

sage: A.columns ()
(¢, o, o, 0, ¢, 1, 0, 0), (0, 0, 1, 1), (0, 0, 0, 1)

CO3)13.I[I/IM TMOAITPOCTPAHCTBO B F2, OXBaTbIBAIOIIEE BBIIIECTIEPEUYNCIICHHBIE CTPOKHU.
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sage: V = VectorSpace (GF (2),8)
sage: S V.subspace (rows)
sage: S

Vector space of degree 8 and dimension 4 over Finite Field of size 2

Basis matrix:

[1 000010 0]
[01 00101 1]
[0O0O21 0110 1]
[0O0OO010011]
sage: A.echelon_form()
[1 00001 0 0]
[0O1 00101 1]
[0O0O1 0110 1]
[0O0OO0210011]

2.8.2 PaspexeHHas nMHenHas anrebpa

Sage nopaepUBaeT pa3pekeHHYIO JMHEHHYIO anreopy.

sage: M = MatrixSpace (QQ, 100, sparse=True)
sage: A = M.random_element (density = 0.05)
sage: E = A.echelon_form()

MyJIBTUMOIYJIBHBIH aTOPUTM B Sage paboTaeT XOpOIIO JUIsi KBAIPaTHBIX MATPULL (HO He TaK XOPOIIO /ISl HEKBaIPATHBIX

MaTpuL):

sage: M = MatrixSpace(QQ, 50, 100, sparse=True)
sage: A = M.random_element (density = 0.05)

sage: E = A.echelon_form()

sage: M = MatrixSpace (GF (2), 20, 40, sparse=True)
sage: A = M.random_element ()

sage: E = A.echelon_form()

3amersTe, yto B Python ncrions3oBanye 3ariaBHBIX OYKB UTPAET POJIb:

sage: M = MatrixSpace (QQ, 10,10, Sparse=True)

Traceback (most recent call last):

TypeError: ..._ _init__ () got an unexpected keyword argument

'Sparse’
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2.9 NMonuHoOMBI

,HaHHbIﬁ pas3zaes1 COaepKKUT I/IH(l)OpMaHI/IIO O TOM, KaK CO3JaBaTb U MCII0JIb30BaTh IIOJIMHOMBI B Sage.

2.9.1 NonnHoMbl OAHOW NepeMeHHOoM

Ectb Tpu crioco6a co3iaHus MOJIMHOMHAIBHBIX KOJIEII.

sage: R = PolynomialRing(QQ, 't')
sage: R
Univariate Polynomial Ring in t over Rational Field

JlaHHBIA CTTOCOO CO3JACT TMOIMHOMHATEHOE KOMNBIIO M YKaKeT Sage UCIONb30BaTh CTPOKY ,,t° B Ka4eCTBE HEM3BECTHOTO
MU BBIBOJE Ha 9KpaH. OIHAKO, ITO HE OIpeseisieT CUMBOJ t JUIS UCTIONB30BAaHMS B Sage, TaK UTO Heb3sl IIPU ITOMOIIN
HEro BBECTU MOJIUHOM (Kak £2 + 1), npuHaIeKaImiA R.

Ipyro# crocod:

sage: S = QQ['t']
sage: S == R
True

IT10T COCcO0 UMEET Ty Ke MpobdeMy 10 OTHOIIECHHIO K t.

Tpetuii ciocob Gostee yIoOHBIN

[sage: R.<t> = PolynomialRing (QQ)

nJIn

[sage: R.<t> = QQ['t"']

WJIn Jaxe

[sage: R.<t> = QQ[]

10T Ccrocob BieyeT 3a co00il 0ObsABIEHUE EPEMEHHON t KaK HEU3BECTHOIO B IIOJIMHOMUATIBHOM KOJIbLIE TakK, Y4TO ee
MO)KHO MCTIOJIB30BaTh IPY CO3/IaHMH JIEMEHTOB R, Kak OMHCaHO HUKe. (3aMeThTe, 4TO TPETHH CIoCo0 MOXOX Ha 000-
3HaueHKe KOHCTPyKTOpa B Magma, 1, Kak B Magma, OH MOXeT OBbITh UCIIONB30BaH JUIs IIMPOKOTro Habopa 0OBEKTOB. )

sage: poly = (t+1) * (t+2); poly
tr2 + 3*t + 2

sage: poly in R

True

Kakoii GbI CTIOCOG HH CTIONB30BAJICA s 3a/[AHKS TIOTMHOMUAIBHOTO KOJIBIA, MOKHO BBIYJICHUTh HEM3BECTHOE B BHJIE
0" reneparopa:

sage: R = PolynomialRing(QQ, 't"'")
sage: t = R.0

sage: t in R

True

IToxoxast KOHCTPYKIHUSA HUCTIONB3YETCA [JI KOMIUJIEKCHBIX YHCEJI: KOMIUIEKCHBIE YUCIa MOT'YT OBITh PacCMOTPEHBI KaK
T€HEPUPOBAHHBIC U3 BEIIECTBEHHBIX YUCEJT C MUCIIOJIb30BAHUEM CUMBOJIa i; U3 3TOrO CJICAYET:
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sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # 0O-o; remeparop CC
1.00000000000000*T

)IJISI TMOJIMHOMMAJIBHBIX KOJIEH MOKHO IOJYYUTb U KOJIBLIO, U €r0 I€HEPATOP, WX MMPOCTO Ir€HEPATOP BO BPEMA CO3daHHA
KOJIbLA:

sage: R, t = QQ['t"'].objgen()
sage: t = Qo['t"].gen()
sage: R, t = objgen(QQ['t'])
sage: t = gen(QQ['t"'])

HakoHer1, MOXHO COBEpILHTH HEKOTOPbIE apr(MeTHYecKue onpeparmu B Q/t].

sage: R, t = QQ['t"'].objgen()

sage: f = 2*t"7 + 3*t"2 - 15/19

sage: f"2

4*£~14 + 12*t79 - 60/19*t~7 + 9*t~4 - 90/19*t”*2 + 225/361

sage: cyclo = R.cyclotomic_polynomial (7); cyclo

t?"6 + t"5 + £t 4+ £33 + 72 + t + 1

sage: g = 7 * cyclo * t75 * (£75 + 10*t + 2)

sage: g

7*trMl6 + 7*t~15 + T7*FenM14 + 7FeN13 + 77 eN12 + 91*t~11 + 91*t~10 + 84+t 9
+ 84*t™8 + 84*t”7 + 84*t”6 + 14*t"5

sage: F = factor(g); F

(7) * €75 * (£°5 4+ 10*t + 2) * ("6 + t"5 + t™4 + 73 + t"2 + t + 1)

sage: F.unit ()

-

sage: list (F)

[(t, 5), (£t~5 + 10*t + 2, 1), (t*6 + t*5 + t™4 + t"°3 + t*2 + t + 1, 1)]

HCHCHI/IC ABYX INOJIMHOMOB CO31aCT 9JIEMEHT B ,Elp06HOM I10J1€, 4YTO 6yJI€T CaejiaHoO Sage aBTOMaTUYECKU.

sage: x QQ['x"'1.0

sage: f x*"3 + 1; g = x"2 - 17

sage: h = f/g; h

(x*3 + 1)/ (x*2 = 17)

sage: h.parent ()

Fraction Field of Univariate Polynomial Ring in x over Rational Field

Hcnione3ys psmst Jlopana, MOKHO MOCUMTATh Pas3/oKeHHe B psifi B ApOOHOM Tone QQ [x ] :

sage: R.<x> = LaurentSeriesRing(QQ); R

Laurent Series Ring in x over Rational Field

sage: 1/(1-x) + O(x"10)

1 4+ x + x"2 + x"3 + x™ + x*5 + x*6 + x*7 + x*8 + x*9 + 0(x710)

Ecnu nazBatb NEPEMEHHYIO ITO-APYromMy, MOXHO MOJYUYUTh APYro€ OAHOMEPHOE MOJIMHOMUAJIBHOE KOJIBLIO.

sage: R.<x> = PolynomialRing (QQ)
sage: S.<y> = PolynomialRing (QQ)

sage: x ==y
False

sage: R == S
False

sage: R(y)

(pofoIKaeTCs Ha CIe/IyIOIei CTpaHHULe)
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(TTpONIOIIKEHNE C TIPEbIIYIIEH CTPAHHIbI)

X
sage: R(y"2 - 17)
x"2 = 17

KOJ'II)].[O OIIpeAeIAeTCsa HCpeMCHHOfI. O6paTI/IT€ BHUMAaHUE, YTO CO31aHHUC GIIIé OIHOI0 KoJibla ¢ HepeMeHHOﬁ X HE BEPHET
ApPYyroro KoJiblia.

sage: R = PolynomialRing (QQ, "x")
sage: T = PolynomialRing(QQ, "x")

sage: R == T
True

sage: R is T
True

sage: R.0 == T.0
True

Sage noauepKUBaeT Koblia CTENEHHBIX PsIOB U psigos JlopaHa juist 1060ro GasicHOro Kobla. B cienymomem npumepe
coznaanm semenT u3 Fr[[T]] u nogenum, uro6st cosnats anement us Fr ((T')).

sage: R.<T> = PowerSeriesRing(GF (7)); R
Power Series Ring in T over Finite Field of size 7
sage: £ =T + 3*T"2 + T"3 + O(T"4)

sage: f£"3
T"3 + 2*T"4 + 2*T"5 + O(T"6)
sage: 1/f

T*~1 + 4 + T + O(T"2)
sage: parent (1/f)
Laurent Series Ring in T over Finite Field of size 7

Takke MOKHO CO3/1aBaTh KOJIbI[a CTEIIEHHBIX PSIJIOB, UCIOJIb3Ysl JBOMHbIE CKOOKH:

sage: GF(7)[['T']]
Power Series Ring in T over Finite Field of size 7

2.9.2 NMonnHOMbI HECKONIbKUX NepeMeHHbIX

,HIIH pa6OTBI C MNOJIMHOMAaMH € HECKOJIbKUMU NIEPEMEHHbIMHU, CHa4YaJla Hal0 OOBSABUTD MMOJIMHOMHUAIBHOE KOJIbLO U 1IEpe-
MCHHEIC.

sage: R = PolynomialRing(GF (5),3,"z") # 3mecb 3 — 5TO YHCIO HEPEMEHHEIX
sage: R
Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

Tak K€, Kak U IJIs1 OAHOMEPHBIX MOJIMHOMOB, CYHIECTBYET HECKOJIbKO HyTCﬁI

sage: GF(5)['z0, zl1, z2']

Multivariate Polynomial Ring in z0, z1, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[]; R

Multivariate Polynomial Ring in z0, zl, z2 over Finite Field of size 5

YT0oOBI MMEHa NEPEMEHHBIX COCTOSAIN U3 6yKB, HaZl0 UCTIOJIb30BaTh ClICAyIolIee:

sage: PolynomialRing (GF (5), 'x, vy, z')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5
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Hemnoro apugmernku:

sage: z = GF(5)['z0, z1, z2'].gens()

sage: z

(z0, z1, z2)

sage: (z[0]+z[l]+z[2])"2

ZIOI2I R 2 Z O Z B Z SR P Z O ZI 2 X 7 RS 71D i 2D

MO:KHO HCIIOIb30BaTh OOJIee MaTeMaTHYECKOE 0603Ha‘~ICHI/Ie, YTOOBI TMOCTPOUTDH NOJIMHOMHUAJIBHOE KOJIBLIO.

sage: R = GF(5)['x,y,z"]

sage: Xx,y,z = R.gens|()

sage: QQ['x"]

Univariate Polynomial Ring in x over Rational Field

sage: Q0['x,y'].gens ()

(x, vy)

sage: QQ['x'].objgens()

(Univariate Polynomial Ring in x over Rational Field, (x,))

MHoromepHbIe TIOIMHOMBI BHEJIPEHBI B Sage ¢ WCIojb30BaHueM cioapeit Python. Sage ncmonbsyer Singular [Si] s
Boancnennii HOJI u 6a3uca ['pé6Hepa uaeaos.

sage: R, (x, y) = PolynomialRing(RationalField(), 'x, y').objgens()
sage: f = (x"3 + 2*y"2*x)"2

sage: g = x"2*y"2

sage: f.gcd(qg)

xX"2

Cosnanum unean (f, g), reHepupoBaHHblii u3 f 1 f yMHOXeHHeM (f, g) Ha R.

sage: I = (f, g)*R; I

Ideal (x76 + 4*x"4*yr2 + 4*x"2*y~4, x"2*y”2) of Multivariate Polynomial
Ring in x, y over Rational Field

sage: B = I.groebner_basis(); B

[x76, x"2*y"2]

sage: x"2 in I

False

Kcrary, 6asuc ['pEOHepa ABJIAeTCS He CIIICKOM, a HEeM3MEHAEMON MOC/IeI0BaTeIbHOCTBIO. DTO 03HAYAET, YTO Y HETO €CTh
YHUBEPCYM, POAUTENb M YTO OH HE MOXET OBITh M3MEHEH (UTO XOPOIIO, MOCKOIbKY M3MeHeHHe Oasiica HapyIvIo Obl
JpyrHe oreparuu, ucroib3yoriume 6asuc ['pédHepa).

sage: B.universe ()

Multivariate Polynomial Ring in x, y over Rational Field
sage: B[1l] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

Hexkoropast koMmyTaTiBHast aredpa JOCTyIHa B Sage v BHe/lpeHa ¢ omornpio Singular. K nprmepy, MoXHO rocuurarhb
MIPUMapHOE pa3JIoKEHHE U ITPOCThIE COOTBETCTBYOMME 11t 1

sage: I.primary_decomposition ()
[Ideal (x"2) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y"2, x76) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: I.associated_primes ()
[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]
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2.10 KoHeuHble rpynnbl, AGeneBbl rpynnbl

Sage nonjiepkrBaeT BBIYMCIICHUS C TPYNIAMHU TIEPECTAHOBOK, KOHEUHBIMH KJIACCHYECKMMH I'PyNIaMu (Kak, Halpumep,
SU(n, q)), KOHEIHBIMU MaTPUYHBIMHE T'PyTIIAMHE (C COOCTBEHHBIME IeHEPaTOpaMH) U rpymmamu Abers (axe ¢ 6eCKoHe -
HBIMM). MHOTO€E U3 3TOT0 OCYIIIECTBIIsIeTCs IocpecTBOM uHTepderica k GAP.

Hanpumep, 4ToObl OCTPOUTH IPYIIITY MIEPECTAHOBOK, HAJIO 3a/JaTh CIIMCOK FeHEepaTOpOB:

sage: G = PermutationGroup(['(1,2,3) (4,5)", '"(3,4)'])
sage: G

Permutation Group with generators [(3,4), (1,2,3) (4,5)]
sage: G.order ()

120

sage: G.is_abelian()

False

sage: G.derived_series() # random output
[Permutation Group with generators [(1,2,3) (4,5), (3,4)]1,

Permutation Group with generators [(1,5) (3,4), (1,5)(2,4), (1,3,5)]1]
sage: G.center ()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,
—5)1)

sage: G.random_element () # random output

(1,5,3) (2,4)

sage: print (latex(G))
\langle (3,4), (1,2,3) (4,5) \rangle

Takke MOXKHO TOJTy4UTh CUMBOJIbHYIO Ta0muily B ¢hopmare LaTeX:

sage: G = PermutationGroup([[(1,2), (3,4)]1, [(1,2,3)11)
sage: latex(G.character_table())

\left (\begin{array}{rrrr}

161 &1 & 1 \\

1 & —\zeta_{3} - 1 & \zeta_ {3} & 1 \\

1 & \zeta_{3} & —-\zeta_{3} - 1 & 1 \\

3&0¢&0 & -1

\end{array}\right)

Sage Tak:xe BKJIIOYAET B ce0sl KJIACCHUECKUe U MaTPUYHBIE IPYIIIBI U151 KOHEUHBIX TOJICH:

sage: MS = MatrixSpace (GF(7), 2)

sage: gens = [MS([[1,0],[-1,11]),MS([[1,11,([0,111)]1

sage: G = MatrixGroup (gens)

sage: G.conjugacy_classes_representatives ()

(

[1 0] [0 6] [0 4] [6 0] [0 6] [0 4] [0 6] [0 6] [0 6] [4 0]
(o 11, 12 s1, (5 51, (0 61, (1 21, [5 21, [1 O], [1 4], [1 3], [O 27,

[5 0]
[0 3]
)
sage: G = Sp(4,GF (7))

sage: G

Symplectic Group of degree 4 over Finite Field of size 7
sage: G.random_element () # random output

[5 55 1]

[0 2 6 3]

[5 01 0]

(IpooKaeTcs Ha CieyoLIei CTpaHuLe)
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(TTpONIOIIKEHNE C TIPEbIIYIIEH CTPAHHIbI)
[4 6 3 4]
sage: G.order ()
276595200

Taksxe MOXHO MNPONU3BOAUTH BBIYUCIICHUA C I'PpyIIIaMU Abens (KOHe‘IHbIMI/I nu 6CCKOHC‘IHI>IMI/I)I

sage: F = AbelianGroup (5, [5,5,7,8,9], names='abcde')

sage: (a, b, ¢, d, e) = F.gens|()
sage: d * b**2 * c**3
9°2%@”3%el

sage: F = AbelianGroup (3, [2]*3); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2
sage: H = AbelianGroup([2,3], names="xy"); H

Multiplicative Abelian group isomorphic to C2 x C3

sage: AbelianGroup (5)

Multiplicative Abelian group isomorphic to Z x Z x Z x Z X Z
sage: AbelianGroup (5) .order ()

+Infinity

2.11 Teopwus uucen

Sage nmeer 0OMMPHYIO (PyHKIMOHATIBHOCTD B IUIaHE TeopuH uucen. Hanpumep, MOXHO POM3BOAUTH apudMeTHIecKme
onepauyu B Z/ NZ:

sage: R = IntegerModRing (97)
sage: a = R(2) / R(3)

sage: a

33

sage: a.rational_reconstruction ()
2/3

sage: b = R(47)
sage: b"20052005

50

sage: b.modulus ()
97

sage: b.is_square ()
True

Sage comepxuT cTaHAapTHHIE (DYHKIMHU Teopuu uncen. Harpumep,

sage: gcd(515,2005)

5

sage: factor (2005)

5 * 401

sage: c = factorial (25); c

15511210043330985984000000
sage: [valuation(c,p) for p in prime_range (2,23)]
22, 10, 6, 3, 2, i, 4, 4]
sage: next_prime (2005)
2011
sage: previous_prime (2005)
2003
sage: divisors (28); sum(divisors(28)); 2*28
(1, 2, 4, 7, 14, 28]
(pOIOIKAETCs HA CIEAYIOIEH CTPAHULIE)
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(TTpONIOIIKEHNE C TIPEbIIYIIEH CTPAHHIbI)

56
56

OtinyHO!

$ynkimsa sigma (n, k) B Sage cymmupyert k-e cTenieHt JieJuTenei n:

sage: sigma(28,0); sigma(28,1); sigma(28,2)
6

56

1050

Janee NoKaxeM alropuT™ DBKIMAR, ¢-(pyHKIMIO Dilepa U KUTAACKYI0 TeopeMy 00 ocTaTKax:

sage: d,u,v = xgcd(12,15)
sage: d == u*1l2 + v*15
True

sage: n = 2005

sage: inverse_mod (3,n)

1337

sage: 3 * 1337

4011

sage: prime_divisors (n)

[5, 401]

sage: phi = n*prod([l - 1/p for p in prime_divisors(n)]); phi
1600

sage: euler_phi (n)

1600

sage: prime_to_m_part (n, 5)
401

Yacaum koe-uto mig 3n + 1.

sage: n = 2005

sage: for i in range(1000) :
e n = 3*odd_part (n) + 1
e if odd_part (n)==
e print (i)

e break

Kuraiickast Teopema 06 ocrarkax:

sage: x = crt(2, 1, 3, 5); x
11

sage: x $ 3 # x mod 3 = 2

2

sage: x $ 5 # x mod 5 = 1

1

sage: [binomial (13,m) for m in range (14)]
(1, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial (13,m)%2 for m in range(14)]
4, 4, 0, ©, 4, 1, 0, ©, 1, i1, ©, ©, i, 4]
sage: [kronecker(m,13) for m in range(1,13)]
i, =1, 4, 4, =i, =1, =4, =i, 1, 1, =i, i]J
sage: n = 10000; sum([moebius(m) for m in range(l,n)])
-23
(poJoIKaeTCsl Ha CIEAYIOIEH CTPAHULIE)
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(TTpONIOIIKEHNE C TIPEbIIYIIEH CTPAHHIbI)

sage: Partitions (4) .list ()
(r4y, 3, 11, 2, 21, 12, 1, 11, (1, 1, 1, 111

2.11.1 p—apnuyeckue unucna

ITone P-aAUYCCKHUX YHrCeJl pEAIM30BaAHO B Sage. O6paTI/ITe BHUMAHHE: KaK TOJIBKO IIOJIE p-aIUYCCKUX YUCEII CO3JaHO, €r0
TOYHOCTh HE MOKET ObITh U3MEHEHA.

sage: K = Qp(11); K

l1l-adic Field with capped relative precision 20

sage: a = K(211/17); a

4 + 4*11 + 1172 + 7*1173 + 9*1175 + 5*1176 + 4*11°7 + 8*11"8 + 7*11"9
+ 9*11710 + 3*11711 + 10*11712 + 11713 + 5*11714 + 6*11715 + 2*11"16
+ 3*11717 + 11718 + 7*11719 + 0(11720)

sage: b = K(3211/11"2); b

10*11%-2 + 5*11~-1 + 4 + 2*11 + 0(11~18)

Bosnbioe kommuecTBo MeTooB BeTpoeHo s kiacca NumberField.

sage: R.<x> = PolynomialRing (QQ)

sage: K = NumberField(x"3 + x"2 - 2*x + 8, 'a')
sage: K.integral_basis()

[1, 1/2*a”2 + 1/2*a, a"2]

sage: K.galois_group ()
Galois group 3T2 (S3) with order 6 of x"3 + x"2 - 2*x + 8

sage: K.polynomial gquotient_ring/()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
X3 + x"2 - 2*x + 8

sage: K.units ()

(=3%*a*2 = iI3*a = i13,)

sage: K.discriminant ()

-503

sage: K.class_group ()

Class group of order 1 of Number Field in a with
defining polynomial x*3 + x"2 - 2*x + 8

sage: K.class_number ()

1

2.12 HeMHOro BbicLLen MaTeMaTUKm

2.12.1 Anrebpanuyeckas reomeTpus

Sage IIO3BOJIACT CO3aBaThb Jo0BIe anre6pa1/1quKI/Ie MHOFOO6PaSI/IH, HO HMHOTrJa Cl)yHKHI/IOHaHbHOCTI) OIrpaHUYMNBACTCA
KOJIbIHTaMH Q MM KOHCYHBIMHU IIOJISAMUA. HaHpHMep, Haﬁ,[[eM 06'I>G,III/IH€HI/IC ABYX IUIOCKMX KPHUBBIX, @ 34aTE€EM BbIY1JICHUM
KPHUBBIE KaK HECOKPATUMBIE COCTABIIAIOIINE O6’bC,HI/IHCHI/IH.

sage: x, y = AffineSpace(2, QQ, 'xy').gens()
sage: C2 = Curve(x"2 + y"2 - 1)
(rpozoKaeTcs Ha cielyloliei crpaHuLe)
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(TTpONIOIIKEHNE C TIPEbIIYIIEH CTPAHHIbI)
sage: C3 = Curve(x"3 + y*3 - 1)
sage: D = C2 + C3
sage: D
Affine Plane Curve over Rational Field defined by
x"5 4+ x"3*y*2 + x"2*y*3 + y*"5 - x*"3 - y"3 - x"2 - y"2 + 1
sage: D.irreducible_components ()
[
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"2 + yr2 - 1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"3 + y*3 - 1

Takoke MOXXHO HAlTH BCE TOUKH nepeceyeHus AByX KpUBbIX.

sage: V = C2.intersection(C3)

sage: V.irreducible_components ()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Y
x = 4,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y - 1,
xl

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
R o+ Y F 2y
2*y"2 + 4*y + 3

Takum o6pazom touku (1,0) u (0, 1) HaxomsaTCcs Ha 00EMX KPUBBIX, @ KOOPAMHATHI [0 OCH Y YIOBIETBOPAOT (DyHKLIUN
2y% +4y +3=0.

Sage MOXeT BBIUMCIUTD TOPOUAAIBHBIN Ueasl HEIUIOCKON KPUBOH TPEThero nopsiaka:

sage: R.<a,b,c,d> = PolynomialRing (QQ, 4)

sage: I ideal (b"2-a*c, c¢c"2-b*d, a*d-b*c)

sage: F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b*"2 - a*c, c”2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, ¢, d over Rational Field

sage: F.reduced_groebner_bases ()

[[-c*2 + b*d, -b*c + a*d, -b"2 + a*c],

[-b*c + a*d, -c¢c”2 + b*d, b"2 - a*c],

[-¢*3 + a*d*2, -c¢*2 + b*d, b*c - a*d, b2 - a*c],
[-c*2 + b*d, b*"2 - a*c, b*c - a*d, c¢"3 - a*d"2],
[-b*c + a*d, -b"2 + a*c, c¢c”2 - b*d],

[-b~3 + a*2*d, -b*2 + a*ec, c¢*2 - b*d, b*c - a*d],
[-b*2 + a*c, c¢c”2 - b*d, b*c - a*d, b"3 - a*2*d],

[c"2 = b*d, b*c - a*d, b"2 - a*c]]
sage: F.polyhedralfan()
Polyhedral fan in 4 dimensions of dimension 4
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2.12.2 dnnuntuyeckKkne Kpumsblie

DYHKIMOHATBHOCT JUIMIITHYECKUX KPHMBBIX BKJIIOYAET B ceOsi Goibliylo yacTh (pyHKImoHankHocTn PARI, nocrym
nHpopmarmu B oHnaiH tabmmiax Cremona (YTo TpeOyeT DOMONHUTENbHBIA MakeT 6a3 JaHHBIX), (PyHKIMOHAJIBHOCTD
mwrank, anroputm SEA, BbUMCIIeHHE BCeX M30T€HME, MHOIO HOBOTO Koja sl Q M HEeKOTOpYIo (pyHKIIMOHAJIbHOCTD
nporpaMmHoro odecriedenus Denis Simon.

Komanpa E11ipticCurve Ais cO3MaHUS JUIMNTUISCKUX KPUBBIX UMeeT MHOTO (popM:

* EllipticCurve([a1, ag, as, a4, ag]): BO3BpaTUT 3/UIMOTUYECKYIO KPUBYIO

y? + a1y + asy = 2° + axx” + asx + ag,

* EllipticCurve([ay, ag]): To *ke, uTo U BblIle, HO a1 = as = a3 = 0.

« EllipticCurve(label): BepHeT s/mmnTudeckyio KpuByio u3 6a3bl qaHHbix Cremona ¢ 3a1aHHbIM sipiibikoM Cremona.
SApnpik - 3TO CcTpOKA, Harpumep, "11a" or "37b2".

¢ EllipticCurve(j): BepHeT MunTu4ecKyio KpuByio ¢ MHBAPUAHTOM j.

* EllipticCurve(R, [a1, a2, a3, a4, ag]): CO3AACT /UIMNTUYECKYIO KPUBYIO U3 KOJbLIA R C 3aJaHHBIMU a; ‘MU, Kak
ObLIO YKA3aHO BBIIIIE.

Hcrons3oBanue KaXXI0ro KOHCTPYKTOpa:

sage: EllipticCurve([0,0,1,-1,01)
Elliptic Curve defined by y"2 + y = x*3 - x over Rational Field

sage: EllipticCurve ([GF(5) (0),0,1,-1,01)

Elliptic Curve defined by y"2 + yv = x"3 + 4*x over Finite Field of size 5
sage: EllipticCurve([1,2])

Elliptic Curve defined by y"2 = x"3 + x + 2 over Rational Field

sage: EllipticCurve('37a'")
Elliptic Curve defined by y"2 + y = x*3 - x over Rational Field

sage: EllipticCurve_from_j (1)
Elliptic Curve defined by y"2 + x*y = x”3 + 36*x + 3455 over Rational Field

sage: EllipticCurve (GF (5), [0,0,1,-1,0])
Elliptic Curve defined by y"2 + yv = x"3 + 4*x over Finite Field of size 5

ITapa (0, 0) - 3T0 TOUKa Ha LIMNTHYECKOI KpuBO F, 3ananHoii pyHkuumeii y2 4y = 13 — . [Ing co3anus 3Toii TOuKu

B Sage Hanevartaiite E ( [0, 0]) . Sage MoxeT J0OaBUTh TOUKHM Ha TAKYIO JUIUITHUYECKYIO KPHUBYIO:

sage: E = EllipticCurve([0,0,1,-1,01)

sage: E

Elliptic Curve defined by y"2 + y = x*3 - x over Rational Field
sage: P = E([0,0])

sage: P + P

(1 : 0 : 1)

sage: 10*P

(161/16 : -2065/64 : 1)

sage: 20*P

(683916417/264517696 : —-18784454671297/4302115807744 : 1)
sage: E.conductor ()

37
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DIIMNTHYECKUE KPUBbIE [Tl KOMIUIEKCHBIX YMCE 3a/IAI0TCs [IapaMeTpaMK MHBAPUAHTHI j. Sage BHIYMCIIUT UHBAPUAHTY
VE

sage: E = EllipticCurve([0,0,0,-4,2]); E
Elliptic Curve defined by y"2 = x*3 - 4*x + 2 over Rational Field
sage: E.conductor ()

2368
sage: E.j_invariant ()
110592/37

Ecu Mbl cO30a1MM KPHBYIO C TOM K€ MHBAPUAHTOM j, Kak [yl F, oHa He NoybkHa ObiTh n3oMopdHoii F. B crenyomem
MpuMepe KpHBbIE HE N30MOP(HBI, TaK KaK UX KOHAYKTOPHI PA3IMYHBI.

sage: F = EllipticCurve_from_3j(110592/37)
sage: F.conductor ()
37

OpHako kpydyenue F' Ha 2 gact n30Mop(hHYO KPUBYIO.

sage: G = F.quadratic_twist(2); G
Elliptic Curve defined by y"2 = x*3 - 4*x + 2 over Rational Field
sage: G.conductor ()

2368
sage: G.j_invariant ()
110592/37

MoxHo nocuutarh K03 PULKUEHTHI @, psiaa L v MOgyJIsipHOI (hopMBbl ZZO: 0 @nq" , IPUKPEILIEHHOM K 3JUIMIITUYECKON
KpuBoi. JlaHHOe BBIYKCIIEHNE UCTIONb3yeT Ouomoteky PARI:

sage: E = EllipticCurve([0,0,1,-1,01)

sage: E.anlist (30)

(o, 2, -2, -3, 2, -2, 6, -1, 0, 6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
3, 10, 2, 0, =1, 4, =9, =2, 6, =12]

sage: v = E.anlist (10000)

3aiiMeT JHIIb CEKyHAY AJIA TOACYeTa BCEX Gy, A N < 105:

sage: %time v = E.anlist (100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

DIUTUIITHYECKIE KpUuBbIE MOI'YyT OBITH TMOCTPOCHBI € IIOMOLIBIO UX APJIBIKOB Cremona.

sage: E = EllipticCurve ("37b2")

sage: E

Elliptic Curve defined by y*"2 + yv = x*3 + x”2 - 1873*x - 31833 over Rational
Field

sage: E = EllipticCurve ("389a")

sage: E

Elliptic Curve defined by y"2 + y = x*3 + x"2 - 2*x over Rational Field
sage: E.rank()

2

sage: E = EllipticCurve ("5077a")

sage: E.rank()

3

Takske ecTb gocTyI K 6a3e maHHBX Cremona.
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sage: db = sage.databases.cremona.CremonaDatabase ()
sage: db.curves (37)
{'at': ([0, O, 1, -1, O], %1, 1], 'b1': [[O, 1, 1, -23, -50], O, 31}

sage: db.allcurves (37)

{'al': [[0, O, 1, -1, 01, 1, 11,
'b1': [[0, 1, 1, -23, -50], 0, 3],
'pb2': [[0, 1, 1, -1873, -31833]1, 0, 1],
'p3': [[0, 1, 1, -3, 1], O, 31}

OO6beKTHI, BO3BpAIEHHbIE U3 0a3bl JaHHBIX, HE MpHHaLIekar THITy E11lipticCurve. 310 31eMeHTH 6a3bl JaHHbIX,
nMelore napy noneit. CymectByer Manasi Bepcust 6as3bl faHHbIX Cremona, KOTopasi ecTh 110 yMOJTYaHHUIo B Sage U co-
JEPKUT OrpaHUYEHHYI0 MH(OPMALIHIO O S/UTUITHYECKUX KPUBBIX ¢ KOHIYKTOopoM < 10000. Takke cyIecTByeT JOMONTHHU-
TeJIbHast OOJIbINAst BEPCHsl, KOTOPAasi COAEPKUT UCUEPIIBIBAIOIIYI0 MH(OPMAITHIO O BCEX KPUBBIX ¢ KOHAYyKTOpOoM j10 120000
(Oxts16pb 2005). Emme oz gononHuTensHblii nakeT (2GB) st Sage conepkut COTHA MUJZIMOHOB SJUTMITUYECKUX KPH-
BBIX B 0asze maHHbBIX Stein-Watkins.

2.12.3 Cumsonbl Oupuxne

Cumeon Jupuxae - 310 pacumperne romomopdusma (Z/NZ)* — R* nnsa konsuia Rk Z — R.

sage: G = DirichletGroup(12)
sage: G.list ()

[Dirichlet character modulo 12 of conductor 1 mapping 7 |--> 1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--—> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |-—-> 1, 5 |-—> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |[-—> -1, 5 |-—> -1]
sage: G.gens ()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |[-—> -1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |-—> -1)
sage: len (G)

4

COS}I&B rpyminy, Hy’)KHO CO3aTb JIEMEHT U € €ro NoMOIbIO IIOCYUTATD.

sage: G = DirichletGroup (21)

sage: chi = G.1; chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zetab

sage: chi.values()

[0, 1, zeta6 - 1, 0, -zeta6, —-zeta6 + 1, 0, O, 1, 0, zeta6, -zetao, 0, -1,
0, 0, zeta6 - 1, zeta6, 0, —-zeta6 + 1, -1]

sage: chi.conductor ()

7
sage: chi.modulus ()
21

sage: chi.order ()

6

sage: chi (19)
-zetab + 1

sage: chi (40)
-zetab + 1

Tak:xe BO3MOXKHO nocuntats aeiicreue rpymmsl Fanya Gal(Q (¢ )/Q) Ha 9TH CUMBOIBL.

sage: chi.galois_orbit ()
[Dirichlet character modulo 21 of conductor 7 mapping 8 |-—> 1, 10 |--> -zetab + 1,
(mpooKaeTcs Ha CieyoLIei CTpaHuLe)
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Dirichlet character modulo 21 of conductor 7 mapping 8 |[--> 1, 10 |-—-> zetab]

sage: go = G.galois_orbits()
sage: [len(orbit) for orbit in go]
tx, 2, 2, 1, 1, 2, 2, 1]

sage: G.decomposition ()

[

Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6 and.
—degree 2,

Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6 and.
—degree 2

]

Janee Ha0 MOCTPOKTH TPYMITY CUMBOIIOB Juprxiie mo Momysto 20, Ho co 3HadeHusaMu ¢ Q(i):

sage: K.<i> = NumberField (x"2+1)

sage: G = DirichletGroup (20,K)

sage: G

Group of Dirichlet characters modulo 20 with values in Number Field in i with.
—defining polynomial x"2 + 1

Temneps mocunTaeM HECKOJIBKO MHBAPHAHT G:

sage: G.gens ()
(Dirichlet character modulo 20 of conductor 4 mapping 11 |--> -1, 17 |-—> 1,
Dirichlet character modulo 20 of conductor 5 mapping 11 |--> 1, 17 |-—-> 1)

sage: G.unit_gens()
(11, 17)

sage: G.zetal()

i

sage: G.zeta_order ()
4

B nmanHOM mpumepe, cuMBOIIBI [IUpHXJie CO3AAIOTCS CO 3HAYEHHUSIMU B YKCIIOBOM IIOJIE, SIBHO 3JIa€TCsl BHIOOP KOPHS
00BbeJUHEHHS] TPETHUM apryMeHToM DirichletGroup.

sage: x = polygen(QQ, 'x'")
sage: K = NumberField(x"4 + 1, 'a'); a = K.0

sage: b = K.gen(); a ==
True
sage: K

Number Field in a with defining polynomial x*4 + 1

sage: G = DirichletGroup (5, K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated.
—by a in Number Field in a with defining polynomial x"4 + 1

sage: chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 |--> a”2

sage: [(chi”i) (2) for i in range (4)]

[1, a*2, -1, -a"2]

3nece NumberField (x”4 + 1, 'a') roBopUT Sage UCHOJB30BATH CUMBOJI «a» ISl IIeYaTH TOro, YeM SIBJISIETCS
K (4MCII0BOE M0JIE C ONpPEEISIOIUM TOTUHOMOM x4 1). Ha3Banue «a» He 00BSBIIEHO HA JaHHBIA MOMeHT. Korga a =
K. O (3kBMBajJieHTHO a = K.gen ()) 6y)1eT OLIEHEHO, CUMBOJI «a» NPEACTABJISAET KOPEHb NOJIMHOMA zt+ 1.
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2.12.4 MopaynsipHbie oOpMbli

Sage MOXKET BBIIIOJIHATH BBIYUCIICHUA, CBA3AHHLIE C MOAYJIAPHBIMUA Cl)OpMaMl/I, BKJIIOYast UBSMEPEHU A, BbIYUCTIEHUE MOy~
JIAPHBIX CUMBOJIOB, OIIEPATOPOB I'ekke u Pa3I0KECHUA.

Cy1mecTByeT HECKOJIBKO JOCTYIHBIX (DYHKIIMH JUTsT BBIYMCIICHH S I3MEPEHHI ITPOCTPaHCTB MOy sApHBIX (hopm. Harpumep,

sage: from sage.modular.dims import dimension_cusp_forms
sage: dimension_cusp_forms (GammaO (11),2)

1

sage: dimension_cusp_forms (GammaO (1),12)
1

sage: dimension_cusp_forms (Gammal (389),2)
6112

Janee noka3aHsl BHIYUCIIEHUS ONEPATOPOB I €KKe B POCTPAaHCTBE MOLYJISIPHBIX CUMBOJIOB YpOBHs 1 1 Beca 12.

sage: M = ModularSymbols(1,12)

sage: M.basis ()

([X*8*Y"2, (0,0)], [X"9*Y, (0,0)], [X"10, (0,0)1])

sage: t2 = M.T(2)

sage: t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0 (1)
of weight 12 with sign 0 over Rational Field

sage: t2.matrix()

[ —24 0 0]
[ 0 -24 0]
[4860 0 2049]

sage: f = t2.charpoly('x"); £

x"3 - 2001*x72 - 97776*x — 1180224
sage: factor (f)

(x — 2049) * (x + 24)"2

sage: M.T(11) .charpoly('x"').factor()
(x — 285311670612) * (x — 534612)"2

Takske MOXHO co3gaBath HpocTpaHcTBo 4itst I'g (V) u T'y ().

sage: ModularSymbols(11,2)

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols (Gammal (11),2)

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with

sign 0 over Rational Field

Boruncium HEKOTOPBIE XapPAaKTEPUCTUIECKUE TTOJIMHOMBI U G-Pa3JI0KEHHUA.

sage: M = ModularSymbols (Gammal (11),2)
sage: M.T(2) .charpoly('x")
x"11 - 8*x710 + 20*x"9 + 10*x"8 — 145*x"7 + 229*x76 + 58*x"5 - 360*x"4
+ 70*x"3 — 515*x72 + 1804*x — 1452
sage: M.T(2) .charpoly('x").factor ()
(x — 3) * (x + 2)7"2 * (x4 - 7*x"3 + 19*x"2 - 23*x + 11)
* (xM4 - 2*x"N3 4+ 4*xM2 + 2*x 4+ 11)
S M.cuspidal_submodule ()
sage: S.T(2) .matrix()
]
1
S

.g_expansion_basis (10)
(poIoIKAETCsl Ha CIEAYIOIEH CTPAHULIE)
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g - 2*q"2 — g3 + 2*q"4 + g°5 + 2*g~6 - 2*g*7 - 2*g*9 + 0(g"10)

Takske BO3MOXKHBI BHIYHMCIICHUS MIPOCTPAHCTB MOAYJIAPHBIX CUMBOJIOB C 6yKBaMI/I.

sage: G = DirichletGroup (13)

sage: e = G.0"2

sage: M = ModularSymbols(e,2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character
[zetab], sign 0, over Cyclotomic Field of order 6 and degree 2

sage: M.T(2) .charpoly('x"') .factor()

(x — zeta6 - 2) * (x — 2*zetaob - 1) * (x + zeta6 + 1)"2

sage: S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of
dimension 4 and level 13, weight 2, character [zeta6], sign 0, over
Cyclotomic Field of order 6 and degree 2

sage: S.T(2) .charpoly('x"').factor()

(x + zetab + 1)"2

sage: S.g_expansion_basis (10)

[
g + (-zeta6 - 1)*g"2 + (2*zeta6b - 2)*g”"3 + zetab*g™4 + (-2*zetab + 1)*g"5
+ (—2*zetab + 4)*g"6 + (2*zetab - 1)*g"8 - zetab6*g”9 + 0(g”10)

HpHMep TOro, Kak Sage MOXET BBIYUCIIATDH HeﬁCTBHH OIepaTopoB I'ekke Ha MPOCTPAHCTBO MOOYJIAPHBIX q)OpM.

sage: T = ModularForms (GammaO (11),2)

sage: T

Modular Forms space of dimension 2 for Congruence Subgroup GammaO (11) of
weight 2 over Rational Field

sage: T.degree ()

2

sage: T.level()

11

sage: T.group ()

Congruence Subgroup GammaO (11)

sage: T.dimension ()

2

sage: T.cuspidal_subspace ()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup GammaO (11) of weight 2 over Rational Field

sage: T.eisenstein_subspace ()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup GammaO (11) of weight 2 over Rational Field

sage: M = ModularSymbols (11); M

Modular Symbols space of dimension 3 for Gamma_0(11l) of weight 2 with sign
0 over Rational Field

sage: M.weight ()

2

sage: M.basis ()

((1,0), (1,8), (1,9))

sage: M.sign()

0

Homyctum, T, — 370 06bI4HBI onepatop I'ekke (p mpoctoe). Kak onepatopsi I'ekke 15, 15, T BeqyT ce0s B IPOCTpaH-
CTBE MOJYJISIPHBIX CUMBOJIOB?
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sage: M.T(2) .matrix()
[ 3 0 -1]

[ 0 -2 0]
[ 0 0 -2]
sage: M.T(3) .matrix()
[ 4 0 -1]
[ 0 -1 0]
[ 0 0 -1]

sage: M.T(5) .matrix ()
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FMABA 3

NHTepakTmBHas obonoyka

IMTouTn Bcerna B 3TOM PyKOBOACTBE MBI MPEATIONIaraeM, 4To MHTepHperaTtop Sage OblT 3arylleH KoMaHaoi sage. OHa
3aIlyCTUT CHELMAIbHYI0 Bepcuio koHcomu [Python M uMnoptipyer MHOXeCTBO (DyHKIMI M KJIACCOB, TAaK YTO OHH IO-
TOBBI JJIs1 WCIIONBb30BAHUS B KOMaHIHOW CTpoke. bonee TOHKas HACTpOWKa MPOM3BOAWTCS pelaKTHpOBaHHEM (paiiia

$SAGE_ROOT/ipythonrc. [Ipu 3amycke Sage Bbl YBUANTE BbIBOJ, TOXOXKHIA HA CIIEAYIONIUI:

T

| SsageMath version 9.7, Release Date: 2022-01-10
| Using Python 3.10.4. Type "help ()" for help.
|

sage:

YroOsl BeiiiT 13 Sage, Haxkmute Ctrl-D wim BBeute quit wim exit.

sage: quit
Exiting Sage (CPU time Om0.00s, Wall time Om0.89s)

Wall time — 370 nporeee BpeMs. To 3HaYeHUE BEpHO, TOTOMY Kak B «CPU time» He BXOAUT BpeMsl, UCIIOJIb30BAaHHOE

cyomnporieccamu Bpoge GAP wm Singular.

(TTocrapaiitecs He youBath mporiecc Sage KomMaHmoin kil1l —9 U3 TepMUHANA, TOTOMY 4TO Sage MOXeT He YOUTh Jodep-
HME MTPOLIECCH], TAKME Kak Maple, Wi MOXeT He OYMCTUTh BpeMeHHBIE (paiiiibl U3 AupekTopuu SHOME / . sage/tmp.)

3.1 Bawa ceccusa Sage

Ceccust — 3T0 NOC/IEI0BATENBHOCTh BBOIOB M BHIBOJOB HAUMHAS C 3aITyCKa IIPOrpaMMbl U 3aKaHUMBas BLIXOIOM U3 Hee.
Sage 3aHOCHT BCIO MICTOpHIO BBOZIOB B log-chaiin, ncnonnssys IPython. Ecim BB nctionb3yere MHTEPAaKTUBHYIO 000JIOUKY
(ne BeG-uHTEepdeiic Notebook), To BB MoxkeTe BBecTH $hist, 4ToObl BRIBECTH CIHCOK BCEX BBEACHHBIX KOMaHI. Bbl
MOXETe BBECTH ? B KOMaH/HOW CTpoKe Sage, 4yToObl MOMy4uTh OoJibiie uHpopMaiu o IPython, Hanpumep, «IPython
MIPEOCTaBIIsIeT IPOHYMEpOBaHHbBIE KOMAHJHbIE CTPOKH. .. C KeIIMPOBaHWEM BBOJA M BBIBOJA. Bce BBeIEHHbIE JaHHbBIC
COXPAHSIOTCSI K MOTYT OBITh MCIIOJIb30BaHbI KaK MepeMEHHBIE (TIOMIMO OOBIYHOTO BBI30BA C MOMOIIBIO CTPeNioK). Criey-

Io11IMe MI0OAIbHBIE TepeMeHHbIE ITPUCYTCTBYIOT BCer/ia (He repe3anuchiBaiTe ux!)»:
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previous input (interactive shell and notebook)
next previous input (interactive shell only)
_oh : list of all inputs (interactive shell only)

ITpumep:

sage: factor (100)

_1 =272 * 572

sage: kronecker_symbol (3,5)
2 = -1

sage: %hist # PaforaeT TONbKO B HHTEPAKTHUBHOH obonouke, HO He B Sage notebook.
1: factor (100)

2: kronecker_symbol (3, 5)

3: %hist

sage: _oh

_4 = {1: 272 * 572, 2: -1}
sage: _i1l

5 = '"factor(zZZ(100))\n"
sage: eval(_i1)

_6 = 272 * 572

sage: %hist

factor (100)
kronecker_symbol (3, 5)
$hist

_oh

_i1

eval (_1i1)

$hist

~ o U b W N

MB&I He BKJIIOUaeM HOMepa CTPOK B 9TOM y4eOHOM IMOCOOMM U B JIPYTroil JOKyMEeHTAIu Sage.

Bro1 Takxke Moxere XPaHUTb CIIMCOK BBEACHHBIX KOMaH CECCUU B BUJIE MaKpoca I CECCUU.

sage: = EllipticCurve([1,2,3,4,5])

sage: = ModularSymbols (37)

sage: %hist

1: E = EllipticCurve([1,2,3,4,5])

2: M = ModularSymbols (37)

3: Shist

sage: %macro em 1-2

Macro "em’ created. To execute, type its name (without quotes).

=< ™

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

sage: E = 5

sage: M = None

sage: em

Executing Macro...

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

IMpu ncnonb30BaHUM MHTEPAKTUBHOM oOooukn Sage, mobas UNIX-komaHa MOKET OBITH 3aIlylieHa C MOMOIIBIO TIpe-
(pukca !. Harmpumep

sage: !ls
auto example.sage glossary.tex t tmp tut.log tut.tex
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BO3BpALIAET COAEPKaHNE TeKyIIeH UPEKTOPHH.

INepemenHast PATH COXEpKHUT AUPEKTOpHIO bin (GuHapHBIe (hailyibl) B cCaMOM Havajie, TaK YTO €CJIU BbI 3aIlycKaeTe gp,
gap, singular, maxima, ¥ T.J. Bbl NIOJy4aeTe BEPCUU, BKJIIOUEHHbIE B Sage.

sage: !gp
Reading GPRC: /etc/gprc ...Done.
GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version
sage: !singular
SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1
0<

by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

3.2 XypHanupoBaHue BBOAa U BbiBOAA

KypHanupoBaHue ceccun Sage 3TO He TO ke caMoe, UTO COXpHaHeHue ceccuu (cM. Coxparenue u 3azpy3ka NOAHbIX
ceccuti 1151 91010). 1151 5Ky pHAJIMPOBaHUs BBOJA (1, ONMOHAJILHO, BBIBOJA), UCIIONb3YiiTe KOMaHy 1ogstart. Beeaute
logstart ? ais nogpoOHOCcTel. Bbl MOKETe CIOIB30BaTh ITY KOMAH/LY IS XKYPHATMPOBAHMUS BCETO, YTO BbI BBOJIUTE,
BCEro BBIBOJA, U []aXke MOXETe BOCIIPOU3BECTH BBE/ICHHbIE JaHHbIE B Oyaylleli ceccuu (Ipocto 3arpy3uB log-daiin).

was@form:~$ sage

I
| SageMath version 9.7, Release Date: 2022-01-10
| Using Python 3.10.4. Type "help()" for help.

L

sage: logstart setup
Activating auto-logging. Current session state plus future input saved.
Filename . setup

Mode : backup

Output logging : False

Timestamping : False

State : active

sage: E = EllipticCurve([1,2,3,4,5]) .minimal_model ()
sage: F = 00”3

sage: x,y = Q0['x,y'].gens ()

sage: G = E.gens|()

sage:

Exiting Sage (CPU time Om0.61ls, Wall time Om50.39s) .
was@form:~$ sage

I
| SageMath version 9.7, Release Date: 2022-01-10
| Using Python 3.10.4. Type "help()" for help.

|

sage: load("setup")

Loading log file <setup> one line at a time...

Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y"2 + x*y = x"3 - x"2 + 4*x + 3 over Rational

(TIpozo/kaeTcst Ha CIeyIomell CTpaHuLie)
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Field

sage: x*y
X*y

sage: G

[(2 : 3 : 1)]

Ecnu BB ucnonesyere Sage B konsole — tepmuHaie cpeabl KDE B GNU/Linux — Torjga Bbl MOXeTe COXPaHUTD
CECCHIO CIIelyIoIM 00pa3oM: Tocrie 3amycKka Sage B konsole, BeiOepHTe «settings», moToM «history...», ToToM «set
unlimited». Korna Bbl rOTOBBI COXpaHUTH ceccuio, BbiOepute «edit» u «save history as...» u BBemute uMst (paiiia 1is
coxpanenusl. [1ocie 3Toro Bl MOXeTe BOCHOIB30BATHCS JTIOOBIM TEKCTOBBIM PEIAKTOPOM, HAIIPUMEp Xemacs, ISl YTCHUS
daiina.

3.3 BcraBka urHopupyet npurnawieHuve

JomycTum, BB UMTaeTe ceccrio Sage i Beiuucienus Python, n xorute ckonpoBarth ux B Sage. Ho ectb onna npotiema:
3HaKMU >>> WK sage : . Ha caMoM Jiesie BB MOXeTe KOMUPOBATh U BCTaBJIATh IPUMEPBI, KOTOPbIE BKJIIOYAIOT 9T 3HAKM.
Jpryumu cioBaMu, Sage UTHOPUPYET CUMBOJIBL >>> WM sage : Nepej oTipaBkoi komana B Python. Hanpuwmep,

sage: 2710

1024

sage: sage: sage: 2710
1024

sage: >>> 2710

1024

3.4 KomaHabl U3aMepeHnst BpeMeHu

Ecnu BbI BBezieTe KOMaHy $t ime B Hayase CTPOKM BBOJIA, TO BPEMsl, 3aTpadyeHHOE Ha BBITIOJIHEHNE ONIepalivy, Oy/IeT Bbl-
BeJIHO Ha 9KpaH. Hamprmep, Bbl MOKeTe U3MEPUTh BPEMsI BBIIIOIHEHHS! ONIEPALIY BO3BECHHUS B CTElIeHb HECKOILKUMU
nytsamu. [TokazaHus Hrxe OyIyT OTIMYAThCS OT BalllMX; OHM MOTYT OTJIMYATBCS Jaxke B pasHbIX BepcHsx Sage. UucThlid
Python:

sage: %time a = int (1938)7int (99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

Ito o3HavaeT 4yto 0.66 cekyH[ ObUIO 3aTpavyeHo B cymMMe, a « Wall time», (mporremiiee Bpemst), Toxe 0.66 cekyrn. Ecium
Balll KOMITBIOTEpP CHJIBHO 3arpykeH APYTHUMH mporieccami, To « Wall time» MOXeT CHIIPHO OTIIMYATHCS OT IMPOIIeCCOPHOTO
BPEMEHH.

Hasiee Mbl MOCUMTaEM BpeMsl BO3BEJIEHH B CTEIIEHb C UCIIOIb30BAHUEM BCTPOEHHOIO B Sage LIeJIOUKCIIEHHOTO THIIA JaH-
HbIX, peasm3oBanHoro (B Cython) ¢ ucrionp3zoBanuem 6uéimmorek GMP:

sage: Stime a = 1938799484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

HUcnonbays unrepderic PARI u3 6udnmmoreku C:
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sage: Stime a = pari(1938) "pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

GMP Begzier ce0st Jydiiie, HO TOJIIBKO HEMHOTO (Kak M OXKHMAANoch, Benb Bepcust PARI, BcrpoeHHas B Sage, ucronb3yer
GMP p7151 paboThI € EJTBIMH YUCIIAMH).

Bbl Takke Moxere 3aMEpUTh BPEMs BbITTIOJIHEHU L 60Ka KOMaH/I ¢ IOMOIIBI0 cput ime, KaK MOKAa3aHO HUXKE:

sage: t = cputime ()

sage: a = 1int (1938)"int (99484)

sage: b = 1938799484

sage: c = pari(1938)“pari(99484)

sage: cputime (t) # random output

0.64

sage: cputime?

Return the time in CPU second since Sage started, or with optional
argument t, return the time since time t.

INPUT:

t —— (optional) float, time in CPU seconds
OUTPUT:

float —— time in CPU seconds

Komanga walltime BezieT ce0sl Tak xke, Kak cput ime, HO OHA U3MepPSIET HACTOSIIEE BPEMSI.

MBI Takke MOkeM BO3BECTH UMCIIO B CTEIIEHb, MCTIONb3YsI CHCTEMBI KOMITBIOTEPHOH areOphl, BKIIIOYEHHbIE B Sage. B kaxk-
JIOM ClTydae MBI 3aITyCKaeM IPOCTYI0 KOMaHy B CHCTEMe YTOOBI 3aIyCTUTh CepBep sl 3TOM nporpaMmel. Camoe TouHOe
- Bpems 310 Wall time. OmHaKo, ecy CyIIecTBYeT CYIIECTBEHHAs! pa3HHUIIA MEXAY STUM 3HAYEHHEM U MPOLIECCOPHBIM
BpemeneM (CPU time), TO, BOBMOKHO, €CTb CMbICI IIPOBEPUTh CUCTEMY Ha HAJIMUKE MPOOJIEM MPOM3BOIUTEILHOCTH.

sage: time 1938799484;
CPU times: user 0.01 s, sys: 0.00 s, total: 0.01 s
Wall time: 0.01
sage: gp(0)
0
sage: time g = gp('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: maxima (0)
0
sage: time g = maxima ('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.30
sage: kash (0)
0
sage: time g = kash('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: mathematica (0)
0
sage: time g = mathematica('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.03
sage: maple (0)
0

(rpozoKaeTcs Ha Cielyloliei crpaHuLe)
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(IpoIOIKEHHE C TIPEbIAYIIEH CTPaHULIbI)
sage: time g = maple('1938799484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.11
sage: libgap (0)
0
sage: time g = libgap.eval ('1938799484;")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 1.02

3amerste, uro GAP 1 Maxima sIBJISI0TCS CaMbIMU MEJJICHHBIMU B 3TOM TecTe (TecT ObUI IIPOBE/IeH Ha MAlllHEe Sage .
math.washington.edu). Tak kak oHU pabOTAIOT C IPYyrUM HHTEP(EHCOM, HAJCTPOSHHBIM HAJl HUMH, CYIUTh 00
aOCOIOTHON MPOU3BOAUTETFHOCTH STUX CUCTEM He CTOMT.

3.5 OWMbKM N UCKIYeHns

Korza 4To-TO HMzleT He Tak, OOBIYHO MOXHO yBUJIETh UcKioueHue Python (Python «exception»). Python naxe morbita-
€TCsl TPE/INOJIOKUTD, YTO BBI3BAJIO OIIMOKY. YacTo Bbl MOXeETe BUJIETh UMS UCKIIIOUEHU S, HAITpUMeEp, NameError Win
ValueError (cM. Python Library Reference [PyLLR] mist monHoro criucka uckimodenuit). Hanprumep,

sage: 3_2
File "<console>", line 1
727 (3)_2

SyntaxError: invalid
sage: EllipticCurve ([0,infinity])

Traceback (most recent call last):

TypeError: Unable to coerce Infinity (<class 'sage...Infinity'>) to Rational

VHTEepaKTUBHBIN OTJIAAYMK MOXET OBbITh TIOJIE3HBIM JUIs IOHUMasl TOrO, YTO TMOILTO He Tak. OTIaauuK MOKHO BKJIIOYATh
WM BBIKJTIOYaTh KOMaHAoM $pdb (0 yMOTYaHHIO OH BBIK/IIOUEH). [Iprrianienne KoMaHAHOH cTpoky 1ipdb> mosBis-
eTcsl Ha 9KpaHe, eCIH CIIYYHIOCh UCKIIIOUEHHE U OTIaIYMK ObUT BKIIOYEH. M3 oT/1aqurKa Bl MOXETe BBHIBECTH Ha 9KpaH
COCTOSIHUE JTI000M JIOKAJIBHOM NIepeMEHHOM 1 JBUTaThCsl BBEPX M BHM3 MO CTeKy (execution stack). Harpumep,

sage: S5Spdb
Automatic pdb calling has been turned ON
sage: EllipticCurve ([1l,infinity])

<class Dexceptions.TypeError'> Traceback (most recent call last)

ipdb>

J171s1 oy YeHusI CMcKa KOMaH]I OTVIATYMKa BBEJUTE ? B KOMAaHHOU CTpoKe 1pdb>:

ipdb> ?

Documented commands (type help <topic>):

EOF break commands debug h 1 pdef quit tbreak
a bt condition disable help list pdoc r u

(mpooKaeTcs Ha CieyIoLIei CTpaHuLe)
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(IpoIOIKEHHE C TIPEbIAYIIEH CTPaHULIbI)

alias ¢ cont down ignore n pinfo return wunalias
args cl continue enable J next pp S up
b clear d exit jump o) q step W

whatis where

Miscellaneous help topics:

exec pdb

Undocumented commands:

retval rv

Haxwmure Ctrl-D nm BBegure quit 4ToObl BepHYThCS B Sage.

3.6 O6paTHbIN NOMCK U aBTOAOMNOJ/IHEHNE

CHavasia co3/1aliM TPEXMEPHOE BEKTOPHOE MPOCTPaHCcTBO V = Q3 crietyonum o6pasom:

sage: V = VectorSpace (QQ, 3)
sage: V
Vector space of dimension 3 over Rational Field

Mo:xHO UCHONB30BaTh COKpallleHHOE 0003HaYEHNE:!

[sage: V = Q0”3

BBeauTe Hayan0 KOMaH/pl, TOTOM HaXMUTe Ct rl—p (MM IPOCTO HAKMUTE CTPEJIKY BBEPX Ha KJIaBUATYpE) YTOOBI Bep-
HYTBCS K JTIOOOW M3 CTPOK, KOTOpHIE Bbl BBOIUIIM, HAUMHAIOIIEHCS C TAKKMX K& CUMBOJIOB. DTO paboTaeT Jaxe eCiv Bbl
TOJTHOCTH BBIIIUTK M3 Sage U Mepe3aryCTIIN ero moxe. MoKHO MCIOIb30BaTh M OOPATHBIN MOKUCK MO UCTOPUM KOMAaH]T
¢ nomoltpilo Ctrl—r. Bce 3T BO3MOXHOCTH UCHONB3YIOT NMakeT readline KOTOPBIMA JOCTYNEH MOUYTH Ha BCEX pas-
HouaHoctsax GNU/Linux.

MOXHO € JIETKOCTBIO BHIBECTH CITUCOK BCcex (pyHKIWMiA 1ist V', ucnonb3ys aBTojponoineHue. [Ipocto BBeauTe V., MOTOM
HaxMuTe [TAB] Ha CBOEH KJlaBUarype:

sage: V. [tab key]
V._VectorSpace_generic__base_field

.ambient_space
.base_field
.base_ring
.basis
.coordinates

<< << <

V.zero_vector

Ecnu BBl BBefieTe nepBbie HECKOJIBKO CHUMBOJIOB KOMaH/Ipl, @ TIOTOM HaxXMETe [TAB], BBl MOMy4UTe (PYHKIIMH, KOTOpbIE
HAYMHAIOTCS C 9TUX CUMBOJIOB.

sage: V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

Eciu BaM MHTEpecHO, YTO JenaeT Kakasi-HuOyab (hyHKIWs, Hanpumep coordinates, BBeauTe V. coordinates? mia
MOTYYeHUS CIPaBKY WM V . coordinates ? ? UIs NOMyYeHNs UCXOIHOTO Kojia (OOBSCHSIETCS B CISAYIOIIEM pasJielic).
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3.7 BcTpoeHHasi cnpaBo4YHasi cuctema

Sage obnataeT BCTpOSHHOM CIIPaBOYHOM cricTeMOoil. BBemute HazBaHMe (DYHKIIMU CO 3HAKOM ? JUTS IOCTYIIA K JIOKyMEH-
Tallyy 10 3TON (PYHKIIUH.

sage: V = Q0”3
sage: V.coordinates?

Type: instancemethod

Base Class: <class 'instancemethod'>

String Form: <bound method FreeModule_ambient_field.coordinates of Vector
space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates (self, v)

Docstring:

Write v in terms of the basis for self.
Returns a list c¢ such that if B is the basis for self, then
sum c_1i B_i = wv.
If v is not in self, raises an ArithmeticError exception.
EXAMPLES :
sage: = FreeModule (IntegerRing (), 2); MO,M1=M.gens ()
sage: = M.submodule ([MO + M1, MO - 2*M1])

M
W
sage: W.coordinates (2*M0-M1)
[2, -11

Kak moka3aHo BIllie, BBIBOJ TOKa3bIBAET THIT 00BbEKTa, (Daiisl, B KOTOPOM OH OMPE/IENeH U IoJIe3Hoe onucaHue (hpyHKIIN
C IpUMepaMH, KOTOPBE MOKHO BCTABMTh B BAllly TEKYILyl0 ceccuio. [1out Bce MpUMeps! MOABEPraioTCsl PEry/IsipHON
ABTOMATUYECKON MPOBEPKe Ha NpeaMeT paboTOCIIOCOOHOCTH U HAJIMYHUsI TPEOyeMOro MOBE/ICHUSI.

Jlpyrast BO3MOXKHOCTb XOPOIIIO OTpakaeT IyX OTKPBITOro MPOrpaMMHOro odecreueHus: ecnu £ 31o pyHkuus Python’a,
TO £?? BBIBEIET UCXOQHBINA KOJ, KOTOpBIH onpeaensier £. Hampumep,

sage: V = Q0”3
sage: V.coordinates??
Type: instancemethod

Source:
def coordinates (self, v):

Write $v$ in terms of the basis for self.

nun

return self.coordinate_vector (v) .list ()

Ortcrona Mbl 3HaeM, 4TO Bce, 4To AenaeT (hyHKIMs coordinates, 3T0 BbI3oB yHKIMU coordinate_vector u
MpeBpalnaeT pe3yJabrar B ciucok. Uto genaer pyHKImsa coordinate_vector?

sage: V = Q0”3
sage: V.coordinate_vector??

def coordinate_vector(self, v):

(mpomomKaeTcs Ha CieyoLIei CTpaHuLe)
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(IpoIOIKEHHE C TIPEbIAYIIEH CTPaHULIbI)

return self.ambient_vector_space () (v)

P$ynkima coordinate_vector ynepXKuBaeT BBEIeHHbIE 3HAUCHHs BO BHEIITHEM IIPOCTPAHCTBE, UTO MO3BOJISET J0-
OUTHCS Takoro xe 3(pdekra, Kak Mpy BIYMCICHUH BeKTOpa KO3 UIIMEHTOB NepeMeHHON v ¢ Touku 3penus V. IIpo-
CTpaHCTBO V yke BHellIHee, Tak Kak oHo sBnsgercss Q3. Cymectsyer Takke (pyHkimua coordinate_vector mid
TIOJITPOCTPAHCTB, M OHA BeJeT ceOst HO-WHOMY. MBI CO3/IMM TOAITPOCTPAHCTBO M TOCMOTPHM:

sage: V = Q0"3; W = V.span_of_basis([V.0, V.1])
sage: W.coordinate_vector??

def coordinate_vector(self, v):
nmmn

nun

# First find the coordinates of v wrt echelon basis.

w = self.echelon_coordinate_vector (v)

# Next use transformation matrix from echelon basis to
# user basis.

T = self.echelon_to_user _matrix ()

return T.linear_combination_of_rows (w)

(Ecnu BBI cunTaete, 4TO CyLIECTBYIOIIAsl peann3aiys Hea(p(heKTUBHA, OKaTyHCTa, 3aperiCcTpUpyNTeCh U IOMOTHTE OIl-
THMH3UPOBATh JIMHEHHYIO ajredpy.)

BrI Takke MokeTe BBeCTH he lp (uMsa_komanmns!) WM help (knacc) A HoMy4YeHHs CIPaBKH O KJlaccax Wi (pyHK-
LMAX B CTWIE Man-CTPaHuLI.

sage: help (VectorSpace)
Help on function VectorSpace in module sage.modules.free_module:

VectorSpace (K, dimension_or_basis_keys=None, sparse=False, inner_product_matrix=None, .
*
o*,

with_basis='standard', dimension=None, basis_keys=None, **args)
EXAMPLES:

The base can be complicated, as long as it is a field.

sage:
sage:

Vector space of dimension 3 over Fraction Field of Univariate Polynomial Ring in x
over Integer Ring

sage: V.basis ()

[

V = VectorSpace (FractionField (PolynomialRing(ZZ, 'x")),3)
\

(1, 0, 0),
(0, 1, 0),
——More——

Korza Bl BBOOMTE /TSI BBIXOAA M3 CHPABOYHON CHCTEMBI, Ballla CECCHSI HAXOAUTCS B TOM K€ COCTOSIHUM, YTO U JIO
storo. CripaBKa He 3axJamJIseT Balll 3KpaH, B oTIM4ue oT ¢hopMbl function_name?, KOTopasi UHOTJAa MOKET OCTaB-
Tk nHpopManmio B Bamieil ceccuu. OcoGeHHO TOJe3HO ucnonb3oBarh help (module_name). Hanpumep, Bek-
TOPHBIE IPOCTPAHCTBA ONHUCAHBI B sage.modules. free_module, no3toMy BBeaure help (sage.modules.
free_module) mia gokymeHTanuu 000 BceM Mopyie. Korna Bl mpocMarpuBaere JOKYMEHTALMIO B CIIPABOYHON CH-
cTeMe, Bbl MOXKETe OCYIIECTBIIATh ITOUCK C HOMOIIBIO / U B 0OpaTHOM MOPsIIKE C IIOMOLIBIO ?.
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3.8 CoxpaHeHue u 3arpy3kKa oTaeNibHbiX 06 bEeKTOB

JlOTTyCTHM BBI BBIYHCIVIIM MAaTPUILy WU XyXKe: CJIOKHOE IPOCTPAHCTBO MOIY/IIPHBIX CUMBOJIOB, M XOTUTE COXPAHUTH €I0
s pabotsl B Oyaymiem. Kak ato cnenars? EcTh HECKONIBKO CIIOCOO0B, KOTOPBIMH KOMITBIOTEPHBIE AJITEOPBI MOJIb3YIOTCS
IUIs1 COXpaHEHHsT OOBEKTOB.

1. Coxpanutpb urpy: IlognepxuBaercs: coxpaHeHHe 1 3arpy3Ka TOJIBKO HOMHBIX ceccuil (Hanpumep, GAP, Magma).

2. YauduuupoBaHHbIil BBO/BBIBO/: BbBOI 00bEKTOB HA 9KpaH B TAKOM BHJIE, B KOTOPOM OHH MOTYT OBITh CUM-
tanbl nozxke. (GP/PARI).

3. Eval: Jlerkuii crioco0 3amycka Jio0oro Koia B uHtepriperarope (Harpumep, Singular, PARI).

Tak kak Sage nocrpoeH Ha Python’e, OH KCIONB3YeT MHOM MOAXOM: KAX/Iblii OOBEKT MOXKET ObITh MPEBPAIIEH B CTPOKY,
U3 KOTOPOW B MOC/IEICTBUY MOXKHO BOCCTAaHOBUTH 00BeKT. Criocod cxoXk co crocoOoM yHHU(HKAIMK BBOOA U BHIBOJA,
kak B PARI, HO B ciydae ¢ Sage HeT HEOOXOIUMOCTH BHIBOJIMTh OOBEKT Ha KpaH B caMoil HeymoOHou (opme. Takxke,
MOJIEPKKA COXPAHEHUS U 3arpy3KH (B OOJIBIIMHCTBE CIyYaeB) MOJHOCTHIO ABTOMATHYHA, HEe TPEOYET AOMOITHUTEIBHOTO
MPOrpaMMUPOBAHUST; 3TO POCTO BO3MOKHOCTH Python’a, koTopast Oblia BKJIIOUEHA B SI3bIK C CAMOTO HAvauia.

3133

IMouTu 0601 0OBEKT X MOXKET ObITh COXPaHEH B C:KaToW (hOpMe Ha IUCK TPH MOMOIIM KOMaH[b ,,“save(X, filename)
(W BO MHOTHX ClTyvasix ,,“X.save(filename)

(2113

). st 3arpy3ku oObekTa BBeauTe ,,“load(filename)“-.

sage: A = MatrixSpace (QQ, 3) (range (9)) "2

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

sage: save (A, 'A'")

Teneps BoliiauTe U3 Sage u nepesarnycrute. Ternepb Bbl MOXeTe TOTYUYHTh ,,“A““ 00paTHO:

sage: A = load('A")

sage: A

[ 15 18 21]
[ 42 54 66]
[ 69 90 111]

To ke camoe MOXHO JieJIaTh U ¢ 6ojee CII0KHBIMU 0OBEKTaAMU, HAITPUMEDP LTI TUIECKUME KpUBbIME. Best uHpopmanms
00 00beKTe (KOTopast HaXOOUTCS B KEllle) coXpaHsieTcsl BMecTe ¢ 00bekToM. Harrpumep,

sage: E = EllipticCurve('lla')

sage: v = E.anlist (100000) # TpebyeT HEeKOTOpOro BPEMEHH. . .
sage: save(E, 'E')

sage: quit

CoxpaneHHas Bepcus E 3anuMaet 153 kumobura, Tak Kak B HeM conepxkarcst nepssie 100000 a, .

~/tmp$ 1ls -1 E.sobj

-rw-r—-r—-— 1 was was 153500 2006-01-28 19:23 E.sobj
~/tmp$ sage [...]

sage: E = load('E")

sage: v = E.anlist (100000) # MoMeHTAnbHO!

(B Python, coxpaneHnue u 3arpy3ka ocyiecTsisieTcs: MoayieM cPickle. OObekT Sage X MOXeT ObITh COXpPaHEH C I10-
Moo cPickle.dumps (x, 2).O0parute BHUMaHHE Ha 2!)

Sage He MOXKET COXpaHsATh U 3arpykaTb OOBEKTHI, CO3/IaHHbIE B JPYTMX CUCTEMaxX KOMITBIOTEPHOI aiareOpbl, TaKUX Kak
GAP, Singular, Maxima u rip. OHU 3arpyxalotcsi B COCTOSIHMM, KOTOpPOe MOMeYeHo Kak «invalid». Xots1, B GAP mHorue
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0OBEKTHI BHIBOASTCS B (popMe, U3 KOTOPOH UX MOTOM MOXHO BOCCTAHOBHTb, HO MHOTME HE BBIBOISITCS B Takoil (opme,
MO3TOMY MX BOCCTAHOBJIEHHE U3 TAKOTO BUIa HAPOUYHO 3aIpeleHo.

sage: a = libgap(2)

sage: a.save('a')

sage: load('a')

Traceback (most recent call last):

ValueError: The session in which this object was defined is no longer
running.

O6bexThl GP/PARI MoryT ObITh COXpaHEHBI M 3arpyXKeHbl, TaK KaK WX BUJ IIPY BbIBOJIE HA 9KPaH JOCTATOYEH JIsl BOC-
CTaHOBJIEHUS OOBEKTA.

2
sage: a.save('
sage: load(
2

sage: a = gp(2)
e('a'")
| 2l | )

CoxpaHeHHbIe 0OBEKTHI MOTYT OBITh 3arpyKeHbl NIO3Ke HAa KOMITBIOTEPAX C JIPYrodl apXUTEKTYPOW MM ONepalrioHHON
CHCTEMOM, HaIpUMep, BBl MOXETe COXPaHUTh OrpOoMHYI Marpully B 32-6utHoii OS X u 3arpy3uth ee B 64-OHTHYIO
GNU/Linux, IpUBECTH K CTyIeHYaTol hopme 1 repemMecTuTh 00paTHO. Takske BO MHOTHX CIIydasix Bbl MOXKETE 3arpyKaThb
0OBEKTHI B BepCcUH Sage, OTIMYHbIE OT BEPCHHU, Ha KOTOPOM OHU ObLTM COXpaHeHbl. Bce atprOyThl 00beKTa COXpaHsIIoTCs
BMecCTe ¢ KJ1acCOM (HO He BKJIOYasl UCXOIHBINA KOI), KOTOpPBII onuchiBaeT 00beKT. Ecu kiacc Gonee He cyliecTByeT B
HOBOI1 Bepcum Sage, Torga 0ObEKT He MOXKET ObITh 3arpyKeH B 3Ty HOBYIO Bepcuio. Ho ecitit BBl 3arpy3uTe ee Ha BEpCHIO
HIKE, TIOJyYHTe CI0Baph OOBEKTOB (C TIOMOIIBIO X . dict__ ) M COXpaHHTE CJIOBaph, TO CMOXETE 3arpy3HTh €ro B
HOBYIO BEpPCHIO.

3.8.1 CoxpaHeHue B BUpe Tekcra

BrI Takke MoxeTe coXpaHATh 00beKThI B Buzie Habopa ASCII cHMBOJIOB B TPOCTOM TEKCTOBBIN (paiisi TPOCTHIM OTKPHITHEM
(paiina u coxpaHeHHEM CTPOKH, KOTOpasi BHIPaXaeT (OMUCHIBAET) OOBEKT (BB MOXKETE 3aITUCHIBATh HECKOJIBKO OOBEKTOB).
He 3a6ynpTe 3aKkphITh (haiin mocie JoOaBICHUS TaHHBIX.

sage: R.<x,y> = PolynomialRing (QQ, 2)
sage: f (x+y) "7

sage: o = open('file.txt','w')

sage: o.write(str (f))

sage: o.close()

3.9 CoxpaHeHue U 3arpy3Ka nosiHbiIX CecCuUu

Sage obnagaer oueHb THOKUMHU BO3MOKHOCTSIMU COXPAHEHHS U 3arpy3KH MOTHBIX CECCUA.

Komanna save_session (sessionname) coxpaHseT Bce IIepeMEHHbIE, KOTOPHIE Bbl 3a1a/IU B TEKyLIEH CecChu B
BUJIE CJIOBapsl B 3aJJaHHOM sessionname. (B pegkom ciydae, korga oObeKT He NOAJEPKUBACT COXPAHEHUS, OH ITPO-
CcTO He OyzeT BKJIIOYEH B CJI0Bapb.) B pesynbrare OyneT cosnmaH daill ¢ paclIMpeHueM . sobj B MOXKeT ObITh 3arpykeH
Kak Jo0o# npyroil 00bekT. Korna Bbl 3arpyxaere coxpaHeHHbIe OOBEKTH B CECCHIO, BBl MOJy4YaeTe CJIOBaph, KI0YaMU
KOTOPOTO SIBJISIOTCS UIMEHA IEPEMEHHBIX, 4 3HAYEHUIMU — OOBEKTHI.

Brl MOxeTe ucrnonb30Bath KoMaHAy load_session (sessionname), 4T0ObI 3arpy3uTh MepeMEHHBIC, OMICAHHbIC
B sessionname, B TEKYIIYIO CECCHIO. 3aMeThTe, YTO 3TO He yIaJsieT epeMeHHbIe, 3aJaHHbIe B 9TOU ceccui. Bmecto
9TOTO, JIBE CECCUN OOBCIUHSIOTCS.
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Jl71s1 Havana 3amycTuM Sage U 3aJaM HECKOJIBKO IEPEMEHHBIX.

sage: E = EllipticCurve('lla')

sage: M = ModularSymbols (37)

sage: a = 389

sage: t = M.T(2003) .matrix(); t.charpoly().factor()
4 = (x — 2004) * (x — 12)"2 * (x + 54)"2

Jlanee, coxpaHuM Hallly CECCHIO, YTO BKJIIOYUT B ceOsl COXpaHEeHHe BCeX 3aJaHHBIX BBIIIE MepeMeHHBIX B (aii. [Torom
MBI IpoBeprM HH(popMarmio o aiine. Ero pasmep — 3 xuiobaiita.

sage: save_session('misc')

Saving a

Saving M

Saving t

Saving E

sage: quit

was@form:~/tmp$ 1ls -1 misc.sobj

-rw-r——-r—— 1 was was 2979 2006-01-28 19:47 misc.sobj

Haxkoner, Mbl iepesanyctum Sage, 3aJaiuM JOMOTHUTENIBHYIO IEPEMEHHYIO U 3arPy3UM COXPAaHEHHYIO CECCHIO.

sage: b = 19
sage: load_session('misc')
Loading a

Loading M
Loading E
Loading t

Kamnaﬂ COXpaHEHHas NIEPEMEHHasl CHOBA ABJIACTCA HCpGMeHHOﬁ. KpOMC TOro, NeEpeMeHHast b He OblIa nepesanmcana.

sage: M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign O

and dimension 5 over Rational Field

sage: E

Elliptic Curve defined by y*2 + y = x*3 - x°2 - 10*x - 20 over Rational
Field

sage: b
19
sage: a
389
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rnasa 4

NHTtepdpeiicol

KpaeyronsHpiM kaMHeM Sage sIBIsieTcs NoAIepKKa BEIYUCIEHHUH C UCTIONb30BaHUEM OOBEKTOB U3 PA3HBIX CUCTEM KOMb-
MIOTEPHOH anreOpsl, KOTOPbIe HAXOASITCS «IOJ OXHOM KPBIIIei» U UCTIONB3YIOT 00N UHTEep(ENC U YUCTHIH SI3BIK TpO-
IPaMMHPOBaHUS.

Mertoapt console u interact untepderica aenaot pasHsle Beuy. Hanpumep, ucnons3yss GAP kak npumep:

1. gap.console (): OtkpbiBaer koHconb GAP u nepenaer ynpasienue GAP’y. 3pech Sage BHCTyHmaeT B poiau
yI0OHOI KOMaH/THOU CTPOKH, Haronooue o6onouku Bash 8 GNU/Linux.

2. gap.interact (): D10 ynoOHbIH CrOCOO B3aMMOICHUCTBUs C 3amylieHHbM UHTepdeiicom GAP, «3aronHeH-
HbIM» OOBbeKTaMu Sage. Bbl MoxkeTe nMnoptipoBarh 00beKThl Sage B ceccrio GAP (axe M3 MHTEPaKTHBHOTO
uHTepdeiica), 1 mp.

4.1 GP/PARI

PARI 310 KOMIIaKTHAs1, OYEHDb ITPOZYMaHHAsI M XOPOILIO ONTUMHU3KMpOBaHHAs porpamma Ha C, cocpeloToueHHas Ha Teo-
pun uucesn. CylecTByeT ABa pa3AeibHbIX HHTepdelica, KOTOPbIE BEI MOKETE UCIONIB30BaTh B Sage:

¢ gp — gp - unrepnperarop «G o P ARI» , u
e pari — pari - C-6ubmmoreka PARI.

Hal'[pI/IMep, dieaymmue IBe CTPOYKU BBIIIOJIHAKOT OJHY M TY K€ OIICPpalrIo. Onn BBITTIAAT UICHTUYHO, HO BbIBOJ] Ha
CaMOM [JI€JI€ OTIIMYAETCA, a 3a KyJIUCaMU IIPOUCXOOAT COBCEM pPa3HbIE BEIIU.

sage: gp('znprimroot (10007) ")
Mod (5, 10007)

sage: pari ('znprimroot (10007) ")
Mod (5, 10007)

B nepBom ciyuae otaensHas konus uHTepnperaropa GP 3amyckaeTcs kak cepsep, ¥ cTpoka ' znprimroot (10007) '
OTIIPABJIAETCS B HEro, BeruucisAercs ¢ nomoupio GP, u pesynbrar 3anucsiBaeTcs B nepeMeHHyo B GP (koTtopas 3aHrMaer
NIPOCTpaHCTBO B MamsTH npouecca GP u He Oyzer ocBoboskeHa). [Tocne sToro 3HaueHue nepeMeHHOW BBHIBOAUTCS Ha
sKkpaH. Bo BTopoMm cityuae oTaenbHas IporpaMma He 3aIycKaeTcs, ¥ CTpoka ' znprimroot (10007) ' BHUMCIAETCA
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KoHKpeTHOH yHkuuein C-6ubnnoreku PARI. Pesynbrar coxpansiercs B heap-namsaru Python’a, kotopast ocBoOox1aercs
HocJie TOro, Kak NepeMeHHasI IepecTaeT UCIOb30BaThesl. Y 0O0bEKTOB pasHbIi THUIL:

sage: type (gp('znprimroot (10007) "))
<class 'sage.interfaces.gp.GpElement'>
sage: type (pari ('znprimroot (10007) "))
<class 'cypari2.gen.Gen'>

Tax kakoi xke crocod UcHosb30BaTh? TO 3aBUCUT OT TOTO, UTO BbI Jiesaete. MnTepdeiic GP Moxer nenarb Bee, 4YTo MOKET
nenarb iporpamma GP/PARI, 3armyckaemasi 13 KOMaHIHOM CTPOKH, IOTOMY KakK OH 3alTyCKaeT 3Ty Iporpammy. Bel Mo-
XKeTe 3arpy3uTh cioxHyIo mporpammy PARI u 3ammyctuts ee. C ipyroii croponst, nuatepdeiic PARI (uepe3 C-6nbnmoteky)
MMeeT HAMHOTO OoJIbllie OrpaHiYeHuil. Bo-TiepBhIX, He Bce (DyHKIMK B Hell peal30BaHbl. BO-BTOPBIX, MHOTO KOZIa, Ha-
MpUMeEp, YKCIICHHOE MHTErpUpOBaHue, He Oyiet paborath yepe3 untepdeiic PARI. Nurepiiec PARI MoxeT ObITh HAMHOTO
OpIcTpee 1 NOHsTHee, YeM cpaBHeHuio ¢ GP.

(Ecrm y untepdeiica GP 3akoHUYMTCS TaMSATh ITPY BBIYMCIIEHNN JAHHON CTPOKH, OH aBTOMaTUYECKHU U 0e3 Ipeaynpesk/ie-
HUS YIOBHUT pasMep CTeKa U MOmpoOyeT BeIUMCiIeHue eme pa3. [loaToMy Baim BEIYHMCICHUS Beerga OyayT MpOU3Be/ICHBI
KOPPEKTHO, €CJIA BbI MPABHIBHO pacuMTaeTe pasMep HeOOXOMUMON MaMsITH. DTOT yIOOHbIN TPIOK HE BXOIUT B apCeHa
nipocroro unrepnperaropa GP. OrHocuresnsHo nnrepderica C-6udnmoreknt PARI: oH cpa3y KonupyeT Kaxablil Co3aH-
HbII 00BeKT U3 cTeka PARI, mosTomy crek HUKoraa He pacteT. OHaKO, KaXblii 00BEKT He IOJKEH MPEBHIIIaTh pa3Mepa
B 100 merabaiiT, um cTek Oy/eT IepernoiHeH Mpy co3aHun 00beKTa. JOoNoNTHUTEIPHOE KOMMPOBAaHUE HEMHOTO BIIUSIET
Ha OOIIYI0 TIPON3BOAUTETLHOCTD. )

Sage ucnomp3yer C-6mbmuoreky PARI, uToOB moOmmepxuBath (PyHKIIMOHATBHOCT, CXOXYI0 C HHTEPIIPETaTOpOM
GP/PARI, HO BKJII0Yasl pa3IMYHbIE CJIOKHBIE OIEPAIUK [0 paboTe ¢ MaMSThIO U A3BIK NMporpaMmupoBaHust Python.

CHauauna, cozgagum cniicok PARI u3 crincka Python.

sage: v = pari([1,2,3,4,5])
sage: Vv
[1, 2, 3, 4, 5]

sage: type (v)

<class 'cypari2.gen.Gen'>

Kaxnpiii 00bektT PARI siBsiercst o6bektoM tuna Gen. Tunm PARI MoxeT ObITh HOJTy4YeH € THOMOIIIbIO (DYyHKIMU-YIeHa
type.

sage: v.type()
't_VEC'

B PARI, 4T00BI CO3/1aTh SJUTMNITHYECKYIO KPUBYIO, HY’KHO BBecT el1linit ([1,2,3,4,5]). B Sage croco6 cxox,
TOJNIBKO €11init — 3T0 MeToi, KOTOPBIA MOXET ObITh BhI3BaH s J1o0oro oobekTa PARI, Hanmpumep Hama t_VEC v.

sage: e = v.ellinit ()

sage: e.type()

't_VEC'

sage: pari(e) [:13]

(1, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

Tenepb, KOrjga y Hac eCTb OOBEKT DIIUIITHYECKAST KpuBas, Mbl MOKEM BbIYUCIIUTH t{TO-HI/I6y,I[I~;.

sage: e.elltors()

(¥, (1, [11

sage: e.ellglobalred()

(10351, [i, =1, 0, =11, 41, [41, dp 944, 41, (M1, 5, ©, 43, [, 5, 0, 47]]
sage: f = e.ellchangecurve([1,-1,0,-1])

sage: f[:5]

[11 71! O, 4, 31
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4.2 GAP

Sage nocrapisiercss ¢ GAP JJ1A BBIUKCJIEHUI B 00JIACTH ,HPICerTHOfI MaTEMaTuKu, B OCO6CHHOCTI/I, B TEOpUU I'PYIIIIL.

Bor npumep dyakium IdGroup u3 GAP, kotopas ucronb3yer a3y JaHHBIX HeOONBIIMX IPYII, KOTOpast JOJKHA OBITh
YCTaHOBJIEHA OTAEJIBHO, KaK ITOKAa3aHO HUXKE.

sage: G = gap('Group((1,2,3) (4,5), (3,4))")
sage: G

Group( [ (1,2,3) (4,5), (3,4) 1)

sage: G.Center()

Group ( () )

sage: G.IdGroup ()

[ 120, 34 ]

sage: G.Order ()

120

Mei MOXkeM TMPOBECTH Te ke BbluKclieHust B Sage Oe3 mpsiMoro BeizoBa uHtepdetica GAP cienyonmm o6pasom:

sage: G = PermutationGroup([[(1,2,3),(4,5)1,[(3,4)11)

sage: G.center()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3) (4,
—5)1)

sage: G.group_id()

[120, 34]

sage: n = G.order(); n

120

Hexotoble pynkumu cuctembl GAP ZOCTYIHBI TOJIBKO TOCIIe MHCTAUISLMN AOIOTHUTENIBHOTO naketa Sage. OH MoxkeT
OBITh YCTAHOBJIEH KOMaH/IOM:

[sage -1 gap_packages ]

4.3 Singular

Singular npenocraBiisieT MacCUBHYIO M IPOAyMaHHYyI0 OMOnMoTeKy [uist O6asuca ['péOHepa, HaxokJeHHsT HauOOJbIIEro
00IIIero JAenuTelis MOJTMHOMOB, Oa3Kca MPOCTPAHCTB TUIOCKMX KpUBbIX PuMana-Poxa u daktopusaiiu, Hapsmy ¢ Ipyru-
MU Bel[aMu. Mbl OKaxeM TpuMep (HakTOpU3ALMK MOJTMHOMOB C HECKOJIBKMMHU MEPEMEHHBIMHU, UCTIONb3Ys HHTepderic
Singular B Sage (He BBOAUTE . . . . :):

sage: Rl = singular.ring(0, '(x,y)', 'dp')
sage: R1

polynomial ring, over a field, global ordering
// coefficients: QQ

// number of vars : 2

// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

sage: f = singular('9*y”8 - 9*x"2*y"7 - 18*x"3*y"6 - 18*x"5*y"6 +'
ceaat '9*xM6* y N4 + 18*x"NTry~5 4+ 36*x78*y"t4 + 9FxN10*yt4 - 18*xM11*yt2 !
ceaat VGrA 2%y s = LBw= 1F#y 2 + 9%x= 1EY)

Ternepb KOraa Mbl ONPEAETWIN f, Mbl BHIBOIVM Ha 9KpaH U (haKTOpU3yeM.
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sage: f

9*x"16-18*x"13*y"2-9*x"12*y"3+9*x"10*y"4-18*x"11*y"24+36*x"8*y"44+18*x"T*y"5-18*x"5*y"

6+ XNEFYNA-18* RNBFYN6-9* XN 2* y N T+9*y 8

sage: f.parent ()

Singular

sage: F = f.factorize(); F

[1]:
_[11=9

[2]=%"6-2*xX"3*y"2-x"2*y"3+y"4

[3]=—x"5+y"2

[2]:
1,1,2

sage: F[1][2]

XNO=2* XN3FyN2-x" 2%y 3+yt4

Kak u Ha npumepe GAP B GAP, Mbl MOXeM COBEpIIHTh JaHHYIO (haKTOpU3alnio Oe3 MpsMOro ykasaHusi uHtepderica
Sage (omHaKo 3a Kynucamu Sage Bce paBHO Hcroib3yercs: naTepdeiic Singular). He BBoguTe . . . . ::

sage: x, vy = Q0['x, y'].gens|()

sage: f = (9*y”"8 — 9*x"2*y"7 - 18*x"3*y"6 - 18*x"5*y"6 + 9*x"6*y"4

ce + 18*x"7*y"5 + 36*x78*y"4 + 9*x"10*y"4 - 18*x"11*y"2 — 9*x"12*y"3
60008 - 18*x"13*y"2 + 9*x"16)

sage: factor (f)

(9) * (=x"5 + y72)"2 * (X76 — 2*xX"3*y"2 — x"2*y"3 + y*4)

4.4 Maxima

Maxima BkJI04eHa B Sage, Tak ke Kak peaymsauus Jlucna. ITaker gnuplot (koTopslit Maxima UCIONB3YeT MO yMOTYaHUIO
IUIs1 TIOCTPOEHNUS IpapvKoB) pacHpOCTpaHsIeTCs] Kak JOTOIHUTENIbHBINA MakeT Sage. Kpome ocranbHbIX Bemelt, Maxima
TIO3BOJISIET IPOU3BOAUTH CUMBOJIMUECKHE MaHUITYIAIMI. Maxima MOXKeT HHTerpupoBarh 1 auddepeHunpoBars QyHK-
LMY CUMBOJIMYECKH, peliaTh OObIKHOBEHHbIE TU(depeHIMalIbHble YpaBHeH!sI 110 nopsiaka, OONbIIYI0 YacTh IMHEHHBIX
OOBIKHOBEHHBIX MU (hepeHIMaIbHBIX YpaBHEHUI 210 TOpsKa, UCHOb30BaTh peodpa3oBanus Jlariaca Kak MeTo /1
PpeleHus JTMHEHHBIX OOBIKHOBEHHBIX UG (hepeHIIMAIBHBIX YPaBHEHHH JTI000ro Nopsiika. Maxima Tak:ke «3HaeT» 0 00JIb-
oM Habope CHeUaIbHBIX (PYHKLIMH, UMEET BO3MOXKHOCTb CTPOUTH rpadhMKK NpH MoMoim gnuplot, IMeeT METozIbI pe-
IIEHWs] 1 MAHUITYJSILMK MaTpuiamu (K IpuMepy, MeTox ['aycca, HaxokJeHHe COOCTBEHHBIX 3HAYEHHH W BEKTOPOB), a
TaKkKe yMeEeT pelaTh MOJIMHOMBI.

MbI niporsutiocTprpyeM padoty Sage/Maxima ¢ IOMOIIBI0 MaTPHIIbl, 3HAYEHHs 4, j KOTOPO SABMAOTCS ¢/ 7, st i, § =

1,...,4.
sage: f = maxima.eval('ij_entry[i,]J] := 1/3")
sage: A = maxima('genmatrix(ij_entry,4,4)"'); A

matrix((1,1/2,1/3,1/41,1(2,1,2/3,1/2]),13,3/2,1,3/41,1(4,2,4/3,11)

sage: A.determinant ()

0

sage: A.echelon()

matrix([(1,1/2,1/3,1/41,(0,0,0,0],(0,0,0,0],(0,0,0,01)

sage: A.eigenvalues()

[[0,4],13,1]]

sage: A.eigenvectors () .sage ()

rcco, 41, 3, 111, 012, O, O, -4], [O, 1, O, -2], [0, O, 1, —-4/311, [[1, 2, 3, 41111

Bor gpyroii mprmep:

62 MnaBa 4. UHTepdcpenchl




Sage Tutorial in Russian, Bbinyck 10.5

sage: A = maxima("matrix ([1, O, O], [1, -1, 01, [1, 3, -2])"™)
sage: eigA = A.eigenvectors()

sage: V = VectorSpace (QQ, 3)

sage: eigA

(rf-2,-1,11,114,2,1211,000,0,211,000,12,311,([(12,1/2,5/6]111]1

sage: vl = V(sage_eval (repr(eigA[1][0][0]))); lambdal = eigA[0][0][0]
sage: v2 = V(sage_eval (repr(eigA[1]1[1]1[0]))); lambda2 = eigA[0][0][1]
sage: v3 = V(sage_eval (repr(eigA[1][2]1[0]))); lambda3 = eigA[0][0][2]

sage: M = MatrixSpace (QQ, 3, 3)
Sagei AA = M([[l,0,0],[l, - 1IO]I[1I3I - 2]])

sage: bl = vl.base_ring/()
sage: AA*vl == bl (lambdal) *vl
True

sage: b2 = v2.base_ring/()
sage: AA*v2 == b2 (lambda2) *v2
True

sage: b3 = v3.base_ring/()
sage: AA*v3 == b3 (lambda3) *v3
True

HaxkoHer, Mbl TOKakeM, Kak CTpOUTb rpapuky cpefcTBamu openmath. MHorue npiuMeps! SBISIOTCS MOAU(UIIMPOBaH-
HBIMH [TPUMEpaMy U3 PYKOBOJCTBa K Maxima.

2-MepHble rpauKy HECKOJIBKUX (PYHKIMI (HE BBOAUTE . . . . :):

sage: maxima.plot2d('[cos(7*x),cos (23*x)"4,sin(13*x)"3]"',"'[x,0,1]', # not tested
el '[plot_format, openmath] ')

«KuBoit» TpexmepHblii rpauK, KOTOPBI Bbl MOXKETE BPAI[aTh MBIIIKOW (HE BBOAUTE . . . . :):

sage: maxima.plot3d ("2"(-u”2 + v~2)", "[u, -3, 31", "[v, -2, 21", # not tested
e '[plot_format, openmath]')

sage: maxima.plot3d("atan (-x"2 + y~3/4)", "[x, -4, 4]", "[y, -4, 41", # not tested
R "[grid, 50, 50]", '[plot_format, openmath]"')

Crenyronmii rpadvk — 310 3HameHuTast Jlenra Méouyca (He BBOOMTE . . . . :):

sage: maxima.plot3d("[cos(x)* (3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)1",
—# not tested

e "[x, -4, 41", "ly, -4, 41",

et '[plot_format, openmath]')

Crnenyomuii rpapuk — 310 3HameHuTas bytsuika Kielina (ue BBogure . . . . :):

sage: _ = maxima ("expr_1l: 5*cos(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
sage: _ = maxima ("expr_2: -5*sin(x)* (cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)")

sage: _ = maxima ("expr_3: 5*%*(-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")

sage: maxima.plot3d ("[expr_1, expr_2, expr_3]", "[x, —-%pi, %pil", # not tested

e "ly, —-%pi, %pil", "I['grid, 40, 40]",
I '[plot_format, openmath]')
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[MporpammmpoBaHue

5.1 3arpy3ka v npukpenneHue channos Sage

Crenyromee MOKa3bIBaeT, KakK IMMOATPYXaTh MporpaMMbl B Sage, 3ammcaHHble B OTAENbHBIN (paitn. Cosmaiite aiin
example.sage CO CIEAYIOIINUM COAEPKaHUEM:

print ("Hello World")
print (273)

Bsl MokeTe MpoYnTaTh U BBIIOJIHUTh example . sage C NOMOIIBI0 KOMaHIbl 1oad.

sage: load("example.sage")
Hello World
8

BrI Takke MoxeTe MPUKPENUTh (hail1 Sage K 3aIyIeHHON CeCCUM B TIOMOIIBIO KOMaHpl at tach:

sage: attach("example.sage")
Hello World
8

Teneps ecut Bbl 3MeHHTE (Dailn example . sage W BBEAETE IyCTYIO CTPOKY B Sage (T.e. HAKMHUTE return), TO co-
Jepxumoe example . sage OyIeT aBTOMAaTHYECKH TIeperpykeHo B Sage.

B uvactHOocTH, attach aBroMaTHuecKkH Ieperpyxkaer Qaiii, Kak TOJbKO OH U3MEHEH, UYTO OYeHb YIOOHO IpH MOUCKE
onmboK B KOJie, Torja Kak 1 oad 3arpysxaet (haiiy UMb €JUHOXKIbL.

Korma example. sage 3arpyxkaercs B Sage, oH niepeBoauTcs B Python, a 3aTteM BBIIOTHSIETCS C TOMOIIIBIO HHTEPIIpe-
tatopa Python. 3aTparbl Ha JaHHYIO ONepaIi0 MUHUMAJIBHBI; B OCHOBHOM, 3TO BKJIIOUAET B ce0sl IEPEBOI LIEJIbIX KOHCTAHT
B Integer (), APOOHBIX KOHCTAHT B RealNumber (), 3aMeHy " Ha * * u, HarpuMmep, R. 2 Ha R.gen (2) . [lepeBe-
JICHHAasI BepcHsl example . sage OyIeT COmepKaThCs B TOW JKe JAUPEKTOPUM, UTO example . sage, MO Ha3BaHUEM
example.sage.py. [JaHHbI (aiin OyneT conepxaTh CIeAyOMMNA KO
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print ("Hello World")
print (Integer (2) **Integer (3))

Lesible KOHTCTaHTBI NepeBelieHbl U~ 3aMeHeHo Ha * *. (B Python ” osnauaer «uckmouatomee MJIN» u ** o3Hauvaer
«BO3BE/ICHHE B CTEIICHD>.)

aHHble onepalvy BHIIOJIHAIOTCS B sage/misc/interpreter.py.)

Bbl umeete BO3MOXKHOCTh BCTaBJISITh MHOTOCTPOUHBIM KOl C OTCTyNaMu B Sage 0 TeX IOop, MOKa €CTb HOBble CTPOKU
JUTSI HOBBIX OJIOKOB (3TO HeoOs3aTeNTbHO s (paiiioB). OMHAKO, JTYUIIMM CIIOCOOOM TSl BCTABKU TaKOTO KOJIA SIBJISIETCS
coxpaHeHue B (paill 1 MCHoNMb30BaHue attach, Kak OMKUCaHO BHIIIE.

5.2 Co3paHne KOMNUNMpPOBaHHOIO Koaa

CkopocTb — BakHasl COCTAaBJIAONIAs] B MATEMATUIECKHUX BIYMCIEHUSAX. X0Ts Python siBisieTcss BBICOKOYPOBHEBBIM SI3bI-
KOM TPOrpaMMHUPOBaHUSs1, HEKOTOPBIE BHIUKCIICHHSI MOTYT OBITh BHITIOJTHEHBI HA HECKOJIBKO MOPSIAKOB ObicTpee B Python
TIPY KICTIOIb30BAHUM CTAaTUYECKUX THITOB JaHHBIX NIPH KOMITMJIMPOBaHUU. HeKOTOphble KOMITOHEHTHI Sage Oblin Obl CIIHII-
KOM MeJIeHHBIMH, Oy/Ib OH HanvcaH 1enmkoM Ha Python. [Iist sToro Sage noanepxuBaeT KOMITHIIMPOBAHHYIO «BEPCHIO»
Python, xotopas nHaseiBaercss Cython ([Cyt] u [Pyr]). Cython ogHoBpemeHHO noxox ¥ Ha Python, u Ha C. Bonpiuun-
CTBO KOHCTpyKLMiA Python, BKilo4asi mpe/icTaBiIeHHe CIICKOB, YCJIOBHBIE BRIPAXEHHSI, KO HAlofoOUe +=, pa3pelleHbl;
BBl TAKXKe MOXXETE MMIIOPTUPOBATH KOJ, HAMCAHHBIA B Apyrux moayisx Python. Kpome Toro, Bbl MokeTe 0OBSIBISATD
Npou3BOJIbHBIE NiepeMeHHble C 1 HarpsiMylo oOpararbest k oudmorekam C. KoHeunslid kop Oyner ckoHBepTrpoBaH B C
n obpadoran kommuisstopom C.

7151 Toro, 9TOOBI CO3AaTh KOMITWIIMPYEMBIN KOJI B Sage, 00BbsABHTE (DAl ¢ pacliuperreM . spyx (BMecTo . sage). Ecm
BBI padoTaere ¢ MHTepdhelcOM KOMMAHIHOM CTPOKH, BBl MOXKETe IPUKPEIUISATS U 3arpysKaTh KOMITIMPYEMBI KO TOYHO
TaK ke, KaKk 1 MHTepIpEeTUpyeMbli (Ha JaHHBII MOMEHT, IPUKpEIUIeHre 1 3arpy3ka kofa Ha Cython He mogepxuBaeTcs B
unrepderice Notebook). Camo KOMIHMIMPOBaHUE POUCXOAUT «3a KYJIUCAMU», He TpeOyst KaKUX-JIOO ISHCTBUM C Balllen
croponbl. KomnurpoBaHHast OMOIHOTEKa 00X 00BEKTOB COAEPKUTCA B SHOME / . sage/temp/hostname/pid/
spyx. I1H (aitiael OyayT yraJleHsl P BHIXOE U3 Sage.

[pe-mapcupoBka He prMeHsieTcs K spyx (aitnam. Hanpumep 1/ 3 npeBpatutcs B 0 B spyx (paiisie BMECTO paloHasIb-
Horo umcia 1/3. Jomyctum, £ oo - 910 yHKIMs B Gudmuoteke Sage. ist TOro, 4to0bl HCTIONB30BATH €€ U3 SpyXx-(aiina,
UMIOPTUpPYHTE sage . all u npuMeHure sage.all. foo.

import sage.all
def foo(n) :
return sage.all.factorial (n)

5.2.1 Ooctyn K pyHKuusiMm C n3 BHewHUX cpannos

Hoctyn k ¢ynkinusaM C U3 BHENIHUX * . ¢ (ailJIoB OcyIlecTBsieTcsl 10BosbHO npocto. Cosnaiite (aitibl test.c u
test.spyx B OIHON JUPEKTOPUU CO CIECAYIOIIUM CONEPKaHUEM:

Kon Ha s3pike C: test . c

int add_one (int n) {
return n + 1;

Kon Ha si3bike Cython: test . spyx:
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cdef extern from "test.c":
int add_one (int n)

def test (n):
return add_one (n)

BrimonauTe:

sage: attach("test.spyx")

Compiling (...)/test.spyx...
sage: test (10)
11

B ToM ciyuae, ecni oHaIOOMTCS IOMOIHUTENbHASL OubIoTeka £oo sl TOro, 4ToObl CKOMITHIIMPOBaTh kox Ha C, 1mo-
nydeHHbI u3 aitna Cython, no6asbre c1ib foo B ucrounuk Cython Kona. AHaJIOTMYHO, AONOMHUTENBHBINA C (aiin
bar MoxeT ObITh 100aBJIEH B KOMITWIALMIO ¢ 00bABIeHNeM cfile bar.

5.3 CamocTtositenbHblie ckpuntbl Python/Sage

,HaHHbIﬁ CaMOCTOSTEJIbHBIA CKpHUIIT Sage PpacKjIaAbIBa€T Ha MHOXHUTEIN LEJIbIEC YMUCIlad, TOJTMHOMBI U T.[1.:

#!/usr/bin/env sage
import sys
if len(sys.argv) != 2:
print ("Usage: %s <n>" % sys.argv[0])
print ("Outputs the prime factorization of n.")

sys.exit (1)

print (factor (sage_eval (sys.argv[1l])))

7151 TOro, 4TOOBI UCHOJIB30BATh STOT CKPHIT, SAGE_ROOT momkeH ObiTh B PATH. Ecnu BBIIIEONMCAHHBIN CKPUIIT Ha-
3bIBaeTcs factor, cieaylolee MOKa3biBaeT, KaK €ro BBIIIOTHUTD:

bash $ ./factor 2006
2 * 17 * 59

5.4 Tunbl paHHbLIX

Kaxnplit 00beKT B Sage nmeer orpeieieHHbIA TvIl. Python Briniouaer B cebst OOJBIION CIIEKTP BCTPOEHHBIX THIIOB TO-
r71a, Kak OubnuoTekn Sage 100aBNAIOT ewe Oonblre. BerpoeHHble THIB JaHHBIX Python BKIOYaloT B ceOst CHMBOJIBHbIE
CTPOKH, CIIUCKH, KOPTEKHU, Lesble U JPOOHbIE YHCia:

sage: s = "sage"; type(s)

Xooo 'SEE'Z

sage: s = 'sage'; type(s) # BBl MOXETEe HCHOJNb30BAaThb [BOHHEIE HIH OIHHAPHBIE KAaBBIYKH
€ooo HEE'Z

sage: s = [1,2,3,4]; type(s)

<... 'list'>

sage: s = (1,2,3,4); type(s)

<... 'tuple'>

(mpomomKaeTcs Ha CieyIoLIei CTpaHuLe)
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(IpoIOIKEHHE C TIPEbIAYIIEH CTPaHULIbI)

sage: s = int (2006); type(s)

<... 'int'>
sage: s = float (2006); type(s)
<... '"float'>

B cBoto ouepenp Sage 100aBisAeT MHOTO JPYIUX THIIOB JAHHBIX, HAIPUMEP, BEKTOPHOE TOJIe:

sage: V = VectorSpace (QQ, 1000000); V

Vector space of dimension 1000000 over Rational Field

sage: type (V)

<class 'sage.modules.free_module.FreeModule_ambient_field_with_category'>

ToJbKo omnpeneneHHbie (PyHKIMU MOTYT ObITh PUMEHEHBI K V. B Ipyrux mMareMaTnueckux mporpammax (pyHKIMU Bbl-
3BIBAJIACH OB B «(byHKIIMOHAIBHOM» BHUJie: foo (V, . . . ). B Sage onpenesnennbie (hyHKIMU MPUKPETIEHBI K THITY (AN
KJIAcCY) V M BBI3BIBAIOTCS C MOMOIIBI0 00bEKTHO-OPHEHTUPOBAHHOIO CHHTAKCHCa, Kak B Java wim C++, Hanpumep, V.
foo (...).DT0CcrmocoOCTBYET TOMY, UTO UMEHHAS 00JIACTh BUIUMOCTH He 3aXJIAMITSIETCS IECITKAMU THICSY (DYHKIIUH, U
03HAYaeT, YTO MHOTUe (PYHKIIMU C Pa3HBIM COfIepKaHUEM MOTYT ObITh Ha3BaHbl «f00» Ge3 MPOBEPKU TUIIOB apryMEHTOB.
Takxe, ecmu Bol ncrionb3yete numst (pyHKIIMH TIOBTOPHO, 3Ta (DYHKIIMS BCE PaBHO JOCTyNHa (Hampumep, eciu Bel BbI-
3bIBAETE UTO-TO HAMoOAOOUe zeta, a 3aTeM XOTUTE BBIUUCIUTh 3HaueHue (pyHKImU Riemann-Zeta npu 0.5, Bbl Moxere
HameyaTath s=.5; s.zeta()).

sage: zeta = -1
sage: s=.5; s.zeta()
-1.46035450880959

B HEKOTOpBIX YaCTO BCTPEYAIOIIMXCS Cy4asX, OObYHOE (DYHKLMOHAJIBPHOE OOO3HAaYeHHE TAKkKe CIOCOOCTBY-
er ymoOCTBY H3-3a TOrO, YTO MAaTeMaTHM4YeCKHe BBIPAKEHUS MOTYT BBINISIETh 3allyTaHHO MPH HCAOIB30BAHUU
00BEKTHO-OPUEHTHPOBaHHOTO 0003HaueHus. Harpumep:

sage: n = 2; n.sqrt()

sqrt (2)

sage: sqgrt(2)

sqrt (2)

sage: V = VectorSpace (QQ, 2)
sage: V.basis ()

sage: basis (V)

sage: M = MatrixSpace(GF (7), 2); M

Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
sage: A = M([1,2,3,41); A

[1 2]

[3 4]

sage: A.charpoly('x")

X2 + 2*x + 5

sage: charpoly (A, 'x'")

BA2 A 2%+ 5

17151 TOTO, YTOOBI IIEPEUUCIIUTD BCe WIEHBI-(PYHKIIMY [Tt A, HarleyartaiTe A . , a 3aTeM HaKMHUTe KHOIIKY [tab] Ha Baiei
KJIaBHAType, KaK OMUCAHO B pazaene Oopamiblii NOUCK U A8MOOONONHEHUE
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5.5 Cnucku, KopTexu n nocnenoBaTefibHOCTU

Tun gaHHBIX CIIMCOK MOXET XpaHUTL B ceOe EMEHTHI Ppa3HbIX THUIIOB JaHHBIX. Kak B C, C++m T.A4., HO B OTJIMYUEC OT
Apyrux anre6pa1/mecm/1x CUCTEM, IJIEMCHTHI CITMCKA HAYMHAIOTCA C MHIACKCA 0:

sage: v = [2, 3, 5, 'x', SymmetricGroup(3)]; Vv

[2, 3, 5, '"x', Symmetric group of order 3! as a permutation group]
sage: type (v)

<... 'list'>

sage: v[0]

2

sage: v[2]

5

Ipy MHIEKCUPOBAHUM CIIMCKA, PUMEHEHHE MHIEKCOB, He SBJISIOIIMXCS LieJbiM urcioM Python, cpaboTtaetT HOpMaJIbHO.

sage: v = [1,2,3]

sage: v[2]

3

sage: n = 2 # pemoe umcmo Sage

sage: v[n] # paboraer NpPaBHIBLHO

3

sage: v[int(n)] # roxe paboraeT NPaBHIbHO
3

OyHKIMSA range Co3[aeT CIUCOK LeJbIX YHCell, UCcob3yeMbIx Python(une Sage):

sage: list (range(l, 15))
(1, 2, 3, 4, 5, o, 7, 8, 9, 10, 11, 12, 13, 14]

10 y,HO6HO, Korzaa 4jisg CO34aHu:A CIIMCKOB UCIHIOJIb3YCTCA BUJ CITUCKA:

sage: L = [factor(n) for n in range(l, 15)]

sage: L

i, 2, 3, 222, 5, 2 * 3, W, 273, 32, 2 ®* 5, 11, 2722 =% 3, 13, 2 = 7]
sage: L[12]

13

sage: type(L[12])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
sage: [factor(n) for n in range(l, 15) if is_odd(n)]

f2, 3, 5, 7, 32, 11, 13]

Jl71s1 GOJIBITIero IMOHUMAaHUS CIICKOB cM. [Py T].

Paciuierienye CriMcKoB - 3TO 0YeHb yIOOHbBINA HHCTPYMEHT. JlomycTM L - 3TO CIUCOK, Toraa L [m: n] BepHET MOA-CITUCOK
L, nostyYeHHbIi, HAYMHAS C 2JIEMEHTA Ha TIO3ULIMK 17 Y 3aKAHYKMBAs STIEMEHTOM Ha MO3ULMH (1 — 1), Kak MOKa3aHO HITKE.

sage: L = [factor(n) for n in range(l, 20)]
sage: L[4:9]

5, 2 = 3, 7, 2°3, 3*2]

sage: L[:4]

[1, 2, 3, 272]

sage: L[14:4]

[]

sage: L[14:]

[3 5, 274, 17, 2 * 372, 19]

KOpTC)KI/I HUMCIOT CXOACTBO CO CIIMCKaMM, OJHAKO OHW HEM3MEHAECMBI C MOMCHTA CO3aHUA.
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sage: v = (1,2,3,4); v
(1, 2, 3, 4)

sage: type (V)

<... 'tuple'>

sage: v[1] = 5

Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

ITocenoBaTeIbHOCTH - 3TO THII JAHHBIX, CXOXKUH IO CBOKCTBaM co crrckoM. IlocmeqoBareIbHOCTH KaK THII JAHHBIX He
BCTpoeHsl B Python B ommiume ot crivickoB 1 KopTexei. [1o yMomdanuio, MOCIeoBaTeIbHOCTD SBJSAECTCS M3MEHSIEMOH,
OIIHAKO MCITOJIb3YS METOI set__immutable U3 Kiacca Sequence, OHa MOXET OBITh CHEJIaHA HEU3MEHAEMOM, KakK
MOKAa3aHo B CJIey0IeM puMepe. Bee 3/ieMeHTsI MoCieIoBaTe)IbHOCTA MMEIOT OOIIET0 POIUTENTsl, IMEHYEMOrO YHUBEP-
CYMOM II0CJIEOBATENILOCTH.

sage: Vv
sage: Vv
[P 20, 3, 450

sage: type (v)

<class 'sage.structure.sequence.Sequence_generic'>
sage: type(v[1l])

<class 'sage.rings.rational.Rational'>

sage: v.universe ()

Rational Field

sage: v.is_immutable ()

= Sequence([1,2,3,4/51)

False
sage: v.set_immutable ()
sage: v[0] = 3

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

HOCIIC)IOBEITCIII)HOCTI/I MOr'yT OBITh UCIOIb30BAHBI BE3M¢E, I MOr'yT OBITh UCHOJIb30BAHbI CIIUCKU:

sage: v = Sequence([1,2,3,4/5])
sage: isinstance (v, list)

True

sage: list (v)

[1, 2, 3, 4/5]

sage: type(list (v))

<... 'list'>

Basuc 111 BEKTOPHOTO OIS SIBJISIETCS] HEM3MEHSIEMO# TI0C/IeJOBATEIbHOCTHIO, TAK KaK OYeHb BaXHO HE M3MEHSTh HX.
70 MOKA3aHO B CIIEAYIOIIEM MTpUMepe:

sage: V = Q0"3; B = V.basis(); B

(11 OI O)l
(0, 1, 0),
(0, 0, 1)

sage: type (B)

<class 'sage.structure.sequence.Sequence_generic'>
sage: B[0] = B[1]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
(mpomoKaeTcs Ha CieyoLIei CTpaHuLe)
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(TTpONIOIIKEHNE C TIPEbIIYIIEH CTPAHHIbI)
sage: B.universe ()
Vector space of dimension 3 over Rational Field

5.6 CnoBsapwu

CroBapb (Takke UMEHYeMBbIN aCCOLMATUBHBIM MACCUBOM) - 3TO COIOCTABJICHHUE ,,X3IHUPYEMbIX " 0OBEKTOB (KaK CTPOKH,
YymcIa U KOPTeXH U3 HUX; cM. JoKyMeHTaruo Python: http://docs.python.org/tut/node7.html u http://docs.python.org/
lib/typesmapping.html) IpoM3BOILHBIM OOBEKTAM.

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type (d)

<... 'dict'>

sage: list (d.keys())

[1, 'sage', Integer Ring]

sage: d['sage']

17

sage: d[ZZ]

Finite Field of size 7
sage: d[1]

5

TpGTI/IfI KJIIOY ITOKAa3bIBACT, YTO MHICKCHI CJIOBApA MOT'y OBITh CJIO)KHBIMU, KaK, HAITPUMEP, KOJIbLIO HEJIbIX YUCEII.

MO3KHO NPEBPATUTH BBIIICONMCAHHBINA CJIOBAPh B CITUCOK C TEM € COAEPKUMBIM:

sage: list(d.items())
[(1, 5), ('sage', 17), (Integer Ring, Finite Field of size 7)]

Yacro I/ICHOHb3yeM0ﬁ Hpa.KTPIKOﬁ ABJIACTCS MTPOU3BEACHUE I/ITepaIII/Iﬁ IO ImapaM B CJI0Bape:

sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.items ()]
[8, 27, 64]

Kak nokasbiBaeT nociaeqHuid mpumep, cJoBaph He YIOPsI0UeH.

5.7 MHoXxecTBa

BP ythOIl €CTb BCTpOCHHLIfI TUI MHOKECTBO. [ JTaBHBIM MNPEMYyHIECTBOM 3TOI'O TUIIA ABJIACTCA 6bICprIﬁ mpocMoTp, Npo-
BEpPKa TOro, NpyuHAJICKUT JIN JIEMCHT MHOKECTBY, a TaAKKE OOBIUHBIE ornepanyu u3 TCOpur MHOKECTB.

sage: X = set([1,19,'a']l); Y = set([1,1,1, 2/3])

sage: X # random sort order
{1, 19, 'a'}

sage: X == set(['a', 1, 1, 19])
True

sage: Y

{2/3, 1}

sage: 'a' in X

True

sage: 'a' in Y

False

(mpomomKaeTcs Ha CieyIoLIei CTpaHuLe)
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(IpoIOIKEHHE C TIPEbIAYIIEH CTPaHULIbI)

sage: X.intersection (Y)
{1}

B Sage Takxe viMeeTcs CBOW THUIT JaHHBIX MHOXECTBO, KOTOPBIN (B HEKOTOPBIX CIIy4yasix) OCYIIECTBJIEH C MCIOJIb30BA-
HHEM BCTPOEHHOIO TUIa MHOXecTBO Python, HO BKJIloUaeT B cebst (DYHKIIMOHATIBHOCTD, CBsi3aHHYI0 ¢ Sage. Coznaiite
MHOXECTBO Sage ¢ momonipio Set (. . . ). Hampuwmep,

sage: X = Set([1,19,'a'l); Y = Set ([1,1,1, 2/31)
sage: X # random sort order

{'a', 1, 19}

sage: X == Set(['a', 1, 1, 19])

True

sage: Y

{1, 2/3}

sage: X.intersection (Y)

{1}

sage: print (latex(Y))

\left\{1, \frac{2}{3}\right\}
sage: Set (z2Z)

Set of elements of Integer Ring

5.8 Utepatopbl

Hreparops! - 3T0 cpaBHUTENILHO HelaBHee noOaBieHue B Python, kotopoe siBisieTcss OUYeHb MOJNIE3HBIM B MaTeMarHde-
CKHX MpPUIOKeHUs1X. HeCKoIbko NprUMepOB UCIIONb30BAHKS UTEPATOPOB MPUBeIeHbI Hike; mogpoduee cM. [PyT]. 3neck
CO3[1aeTCs UTEPATOP Ui KBAApaToB HeoTpuLareabHblx yrces go 10000000.

sage: v = (n”2 for n in range(10000000))
sage: next (v)

0

sage: next (v)

1

sage: next (v)

4

Crenyonpii IpuMep - Co3IaHre UTEPATOPOB M3 MPOCTHIX Yrces BUaa 4p + 1 ¢ MPOCTHIM P U MPOCMOTP HECKOJIBKUX
TIEPBBIX 3HAUEHUIA:

sage: w = (4*p + 1 for p in Primes () if is_prime (4*p+1))

sage: w # random output Ha cuaenyomes crpoke 0xb0853d6c MoxeT ObITh OPYIHM_
—MeCTHaNaTHOHYHBIM YHCJIIOM

<generator object at 0xb0853d6c>

sage: next (w)

13
sage: next (w)
29
sage: next (w)
53

Onpe,ueneHHbIe KOJIblIAd, KaK 1 KOHEYHBIC 1TOJIA U LIEJIbIE YUCTIa, UMEIOT UTEPATOPLI:

sage: [x for x in GF (7)]
[0, 1, 2, 3, 4, 5, 61

(mpogormkaeTcst Ha CIeyIoNIel CTpaHuLe)
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(IpoIOIKEHHE C TIPEbIAYIIEH CTPaHULIbI)

sage: W = ((x,y) for x in ZZ for y in Z7Z)
sage: next (W)

(0, 0)

sage: next (W)

(0, 1)

sage: next (W)

(0, -1)

5.9 Linknbl, oyHKLMN, yNpaBnsitoLne KOHCTPYKLLMA U CPaBHEHUS

MB&I yke BHZETN HECKOJIBKO MPUMEPOB ¢ MCIIONb30BaHNeM LMKJIOB for. B Python muki for umeer TaOy1mpoBaHHYIO
CTPYKTYpY:

>>> for i in range(5):
print (i)

s w N e O

3ameTsTe qBOETOUNE Ha KOHIIEe BhIpaxeHus(«do» i «od», kak GAP nimm Maple, He HCHIONB3YIOTCS), @ OTCTYIIH ITEpe]t
«TeJIOM» IMKJIa, B YaCTHOCTH, Nlepe] print (1) . DTH OTCTymBI BaXHBl. B Sage oTCTymbI CTaBATCS aBTOMATHYECKH TIPU
HaXaTuM enter Mocie «:», Kak [OKa3aHO HUXKE.

sage: for i in range(5):
60008 print (1) # HaxmMuTe Enter IOBaXOhl

CuMBON = Ucnonb3yeTcs Uit nprcBanBaHusa. CUMBOJI == HCTIONB3YETCs U1 IPOBEPKH PaBEHCTBA!

sage: for i in range(15):

if gcd (i, 15) == 1:
print (i)

1

2

4

7

8

11

13

14

Nwmeiite B BUAy, Kak TaOyJIsIIuMsI ONPeAeIIsieT CTPYKTypy OJI0KoB Juist oneparopoB 1 £, for mwhile:

sage: def legendre(a,p):
e is_sgr_modp=-1
for i in range(p):
(mpomomKaeTcs Ha CieyIoLIei CTpaHuLe)
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(IpoIOIKEHHE C TIPEbIAYIIEH CTPaHULIbI)
50008 if a $ p == 1i"2 % p:
e is_sqgr_modp=1
e return is_sqgr_modp

sage: legendre(2,7)

sage: legendre(3,7)
=i

Koneuno, 310 He 3¢ pexTuBHasA peamm3anusa cuMBoia Jlexanapa! [JaHHbIA pUMep CIYXUT JIMIIb WUTIOCTpaLel pas-
HBIX acleKToB mporpaMMupoBanus B Python/Sage. ®ynkimsa {kronecker}, BcTpoeHHas B Sage, NOICUUTHIBAET CUMBOJ
Jlexannpa a3¢pekTHBHO ¢ ucmonb30BaHueM Onomotek C, B YaCTHOCTH, ¢ Mcnonb3oBanieM PARIL.

CpaBHenusi ==, ! =, <=, >=, >, < MeX/ly YMC/IAMH aBTOMATUYECKHU MEPEBOASAT 00a WieHa B ONMHAKOBBIIA THUIL:

sage: 2 < 3.1; 3.1 <=1

True

False

sage: 2/3 < 3/2; 3/2 < 3/1
True

True

Ucnonb3yiite nepemeHHble bool AJ1s CUMBOJIBHBIX HEPABEHCTB:

sage: x < x + 1

x < x + 1

sage: bool(x < x + 1)
True

Ipy cpaBHEHNHM OOBEKTOB PA3HOTO THIA B OOJIBIIMHCTBE CITydaeB Sage MOMbITACTCS HAlTH KaHOHWYECKOE NIPHBE/ICHHE
oboux K obmeMy pogutemo. IIpu ycnexe, cpaBHeHHE BHIIOTHSETCS MEXIY NPUBEAEHHBIMU OOBEKTAMHU; €CIIH HET, TO
0OBEKTHI OyIyT pacLieHeHbl Kak HepaBHbIe. 11 TpOBEpKH paBEHCTBA JIBYX ITepeMeHHbIX HCronb3yiTe 1 s. Hanpumep:

sage: 1 is 2/2

False

sage: 1 is 1
False

sage: 1 == 2/2
True

B crenyromux qByX CTpOKax mepBoe HEPABEHCTBO JaeT Fal se, Tak Kak HeT KaHOoHI4Yeckoro Mopgmma Q — Fs, moato-
My He CyIIeCTByeT KaHOHH4YecKoro cpaBHeHus Mexay 1 B Fs u 1 € Q. OgnHako, cymiecTByeT KaHOHMYECKOE TIPUBEICHIe
Z — F5, nostoMy BTOpOE BEIpaXkeHHe qaeT True. 3aMeTbTe, MOPSI0K He UMeeT 3HAYCHUS.

sage: GF (5) (1) == QQ(1); QQ (1) == GF(5) (1)
False

False

sage: GF (5) (1) == ZZ(1); 2Z (1) == GF(5) (1)
True

True

sage: ZZ(1l) == QQ(1)

True

BHUMAHUE: CpaBHenve B Sage nmpoBoguTcs Oosee kECTKo, ueM B Magma, kotopast oobsiBiisier 1 € Fs paBapiM 1 € Q.

sage: magma ('GF (5)!1 eqg Rationals()!1"') # optional - magma
true
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5.10 lNMpodomnupoBaHue

ABrop pasgena: Martin Albrecht (malb@informatik.uni-bremen.de)
«[pexxneBpeMeHHas1 ONTUMH3ALMS - 9TO KOPEHb BCero 371a.» - JloHansn KHyT

YacTo oueHb MOJNEe3HO MPOBEPSTh KO Ha ciabble MecTa, IOHUMATh, KaKKie YacTh OTHUMAIOT HauOOoJIbIliee BpeMsi Ha Bbl-
YHCJIEHUsT; TAKMM 00pa30M MOXKHO y3HaTh, KAKHME YacTW KOIa Hajo onTumusupoBarh. Python u Sage npenocramisier
HECKOJIbKO BO3BMOXKHOCTEH JUTs NpOMIMpOBaHus (TaK HAa3bIBAETCS STOT HPOLIECC).

CaMblii JISTKHIA IIYTb - 3TO UCIIOJIb30BAHNE KOMAH/IbI P run. Ona BO3Bpallla€T KPATKYIO I/IH(l)OpMaHI/IIO O TOM, KaKO€ BpeMA
OTHUMACT KaXxaasa (byHKI_II/IH. Ilanee CJIEAYyCT IPUMEP YMHOKCHUA MAaTPpULl N3 KOHCYHBIX TIOJIEH:

sage: k,a = GF(2**8, 'a').objgen/()
sage: A = Matrix(k,10,10, [k.random_element () for _ in range (10*10)])

sage: Sprun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno (function)
12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem__)
1000 0.120 0.000 0.370 0.000 finite_field_element.py:392(_mul__ )
1903 0.120 0.000 0.200 0.000 finite_field_element.py:47(__init_ )
1900 0.090 0.000 0.220 0.000 finite_field_element.py:376 (__compat)
900 0.080 0.000 0.260 0.000 finite_field_element.py:380(__add__)
1 0.070 0.070 1.100 1.100 matrix.py:864(__mul__)
2105 0.070 0.000 0.070 0.000 matrix.py:282 (ncols)

B manHOM mpumepe ncalls - 3TO KOJIMYECTBO BHI30BOB, t ot t ime - 3T0 obIee BpeMs, 3aTpadyeHHOE Ha OIlpejiesIeH-
HyI0 (DYHKIHMIO (32 HCKJIIOYEHNEM BPEMEHH BBI30BOB CyO-(DyHKIMIT), percall - 9T0 OTHOIIEHHe tottime Kk ncalls.
cumtime - 310 Oflee BpeMsl, MOTPAYeHHOE B 9TOM U BCex CyO-(pyHKLUSIX, percall - 3TO OTHOLIEHHWE cumtime
K YHMCITy IPUMUTHUBHBIX BBI30BOB, filename:lineno (function) mpegocraBiser HH(POPMALHUIO O KaXA0N (PyHK-
. Yem Bbilie (hyHKIUS HAXOAUTCS B 9TOM CITUCKE, TeM OOJIbllle BpeMEH! OHA OTHUMaeT.

prun? MOKaXeT AETAJIM O TOM, KaK UCIIOJIb30BaTh KOMaHy HpO(bI/IHI/IPOBaHI/IH 1 [NIOHUMAThb PE3YJIbTAT €€ UCIIOJIb30BAHWA.

[Mpounupyromast uHgopMalys MoKeT ObITh BOMCaHA B OOBEKT JUIst 60Jiee MOAPOOHOIO U3y YeHHUS:

sage: Sprun -r A*A
sage: stats = _
sage: stats?

3amerka: BBOA stats = prun -r A\*A 0TOOpa3sUT CUHTAKCHYECKYIO OIMOKY, TaK KaK prun - 3T0 KoMaHga 00o-
nouku [Python, a He 0ObIuHAasT (DYHKIHS.

s rpacmueckoro otoOpaskeHus MmpoduiMpyoied nHpopmaiuu, Bel Moxere ucrons3oBarh hotshot - HeOGOMBIIONH
CKpHUNT, Ha3BaHHBII hotshot2cachetree u nporpaMmmy kcachegrind (toneko B Unix). ToT ke npumMep ¢ UCHONIB30-
BaHueM hotshot:

sage: k,a = GF (2**8, 'a').objgen()

sage: A = Matrix(k,10,10, [k.random_element () for _ in range(10*10)1])
sage: import hotshot
sage: filename = "pythongrind.prof"

sage: prof = hotshot.Profile(filename, lineevents=1)
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sage: prof.run("A*A")
<hotshot.Profile instance at 0x414cllec>
sage: prof.close()

Pesynbrar Oyner nomerieH B (aitn pythongrind.prof B Tekyuel padoyeit aupekropun. sl BU3yaiu3aluu 31a
uHpopmarms MoxeT ObITh NiepeBeneHa B popmar cachegrind.

B cucremuoi o6omouke BBCJIUTE

[hotshothalltree -0 cachegrind.out.42 pythongrind.prof ]

BoixonHoit aiin cachegrind.out .42 Tenepb MOXeT OBITh MPOAHAIM3MPOBAH C MOMOIIBIO kcachegrind. 3a-
MeTbTe, 4To 0003HaYeHre cachegrind. out . XX JOMKHO OBITh COOMIONEHO.
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cnonb3osaHne SageTeX

Bcerpoennsiii B Sage naket SageTeX mo3BosisgeT BHeAPATD pe3ybTaThl BeraucaeHui B JokyMeHT tina LaTeX. [Ins toro,
YTOOBI MCIIONIb30BATh JAHHBIN MAKET, IIOHAJO0OUTCSl «YCTAHOBUTB» €ro B JIOKAIbHYIO cucTeMy TeX (1of «yCTaHOBKOI»
Mozipa3yMeBaeTcsl KOmupoBaHue ofHoro (paitma). Cm. Yemaroska, a Takxe paszgen «Make SageTeX known to TeX»
PykoBozcTBa 110 ycTaHOBKe Sage (JlaHHasI CChUIKA BEJET K JIOKAJIbHOMY pa3MEIEHUIO KOTTMH PYKOBOJCTBA MO YCTAHOBKE).

B stomM ypoke mnokasaH HeOosbmoil mpumep wucrionb3oBaHus SageTeX. [MomHas OOKyMeHTalMsi HaxomuUTCs B
SAGE_ROOT/venv/share/texmf/tex/latex/sagetex, rge SAGE_ROOT - 3TO JUPEKTOpHUs, B KOTOPOH
YCTaHOBJIEH Sage. DTa MalkKa CoIepkKHUT JOKyMEHTALMIO, (DAl ¢ IPUMEPOM U TIOJe3HbIe CKpUITH Python.

st Hauaua pa6otsl ¢ SageTeX creayiiTe ykazaHUsIM 110 YCTAaHOBKe (B Ycrmaroska) v BCTaBbTe CIIEMYIOIIHS TEKCT B (haii
Ha3BaHHBIN, CKaxeM, st_example.tex:

A Tpeaynpesxnenne

Humxecrenyomuii TEKCT MOXKET COAepKaTh HECKOJIBKO COOOIIEHHH 00 OMOKaX, CBSI3aHHBIX C HEN3BECTHBIMU YIIPaB-
JIAIOIIMMU [0CIIEI0BATEILHOCTAMH, €C/U BBl HCTIONb3yeTe HTEPAKTUBHYIO IOMOIIb. OTKPOWTE CTATUIECKYIO0 BEPCUIO,
4TOOBI YBUJIETh TIPABUJIbHBIN TEKCT.

\documentclass{article}
\usepackage{sagetex}

\begin{document}

Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are
S\sage{number_of_partitions(1269)}$ integer partitions of $1269$.
You don't need to compute the number yourself, or even cut and paste
it from somewhere.

Here's some Sage code:

\begin{sageblock}

(mpomoKaeTcs Ha CJeyoLIeH CTpaHuLe)
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(IpoIOIKEHHE C TIPEbIAYIIEH CTPaHULIbI)

f(x) = exp(x) * sin(2*x)
\end{sageblock}

The second derivative of $f$ is

ac{\mathrm{d}*{2}}{\mathrm{d}x"{2}} \sage{f(x)} =
{diff (f, x, 2) (x)}.

Here's a plot of S$£f$ from $-1$ to $1S:
\sageplot{plot (f, -1, 1)}

\end{document }

Banycture LaTeX misa st_example. tex. 3amersre, uto LaTeX Oymer kanoBaThCsl Ha HEKOTOPHIE BEIH, KaK-TO:

Package sagetex Warning: Graphics file sage-plots-for-st_example.tex/plot-0.eps on page 1 does not exist.
Plot command is on input line 25.

Package sagetex Warning: There were undefined Sage formulas and/or plots. Run Sage on st_example.sage,
and then run LaTeX on st_example.tex again.

Cpenu (paiiyioB, creHeprpoBaHHBIX mocie 3amycka LaTeX, ectp daitn st_example.sage, SBIAOMUAICA CKPHII-
tom Sage. CooOliieHre, MoKa3aHHOE BbIIIE, MPEeIaraio 3anycTuTh st_example . sage, MO3TOMY CTOMT TaK U Cclie-
nath. 3arem Oyner mpeasioxkeHo 3amyctuth LaTeX mist st_example. tex ele pa3s; Hepea 3TUM OyeT co3maH (aiii
st_example. sout. DTOT (hailst conepkUT pe3yIbTaThl BEUKCIICHUH B Sage B hopmare, ynooHoM st LaTeX. Hosas
narka, conepsxaniast EPS-caiin ¢ rpacukom, Takxke Oymet coznana aBromarndecku. 3amycrute LaTeX emme pas: Bee, uto
OBLIO BBIYKCIICHO B Sage, Tereph BKIIOYEHO B Barr 1okyMeHT.

Ilepeuncium waru:
 zanycrute LaTeX s .tex daiina;
* 3amycrute Sage JUls CTeHepUPOBaHHOTO .sage haiina;
* zanycrure LaTeX eme pas.

ITyHKT ¢ 3armyckom Sage MOKHO IPOITYCTHTb, €CIIM HUKaK1e N3MEHEeHHs He ObLIM ITPUMEHEHBl K KOMaHaaM Sage B JIOKY-
MEHTE.

SageTeX nmpenaraer MHOrO BO3MOXKHOCTEH, U Tak Kak Sage u LaTeX ABASAI0TCS MOIIHBIMU MHCTPYMEHTAMH, TO CTOUT
n3yuuTh SAGE_ROOT/venv/share/texmf/tex/latex/sagetex.
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[Mocnecnosue

7.1

NMouyemy Python?

7.1.1 NMpeumywiectsa Python

OcHOBHOM s13bIK peasim3anuu Sage — 310 Python (cm. [Py]), ofiHaKO KoM, KOTOpBIi IOMKEeH 00padaThIBAThCS OBICTPO,
HAITMCaH Ha KOMITIIpyeMoM si3bike. Y Python ecTh psii mpenmyInecTs:

CoxpaHenne 00BEKTOB IIMPOKO Kctionb3yercsi B Python. B Python npucyrtcrByer nopuepxka coxpanenust (1o-
YTH) MOOBIX OOBEKTOB HA JIUCK WK B 0a3y JaHHbIX.

3ameuaresbHast MONAEPKKA JOKYMEHTAUN (DYHKIMIA U TIAKETOB B MCXOIHOM KO[E, BKJII0YAs aBTOMATHYECKHIA
JOCTYIT K IOKyMEHTALIM! M aBTOMATHYECKOE TECTUPOBAHKE BCEX IPUMEPOB. IIpUMepsI IIPOBEPSIIOTCST aBTOMATHYC-
CKM Ha PeryJisipHON OCHOBE M UX MpaBUJIbHASL pa00TOCIIOCOOHOCTh TapaHTUPOBAHA.

VnpaBiaenne namsateio: Python umeer npogyMaHHbIil U CTaOMJIbHBIA MEHEKep NaMsATH U COOPIIKMK Mycopa,
KOTOpBIE UCITPABHO PabOTAIOT ¢ IMKJINYECKUMH CChITKAMH U TIO3BOJISIIOT UCIIOIB30BATh JIOKAIbHbIE TIEpEeMEHHBIE B
(paiinax.

Python nmeer MHOKeCTBO MAKETOB, HOCTYIHBIX YK€ ceiiyac, KOTOpble MOTYT OBbITh HHTEPECHBI MOJIb30BATENSIM
Sage: unceHHBII aHaM3 M JTMHelHas anre6pa, 2D u 3D Busyanuzanys, cetb (JUIsl pacipee/eHHbIX BBIYUCISHUI
Y CEpBEpOB, HAIIPUMeEp C oMolIbIo twisted), mopepkka 6a3 JaHHBIX U T.J.

IMopTupyemocts: Python ¢ JIerkoCThIO KOMIHIMPYETCST HA OOJIBIIMHCTBE I1AT(OPM B CUMTAHHBIE MUHYTHI.

Pa6oTa c nckmodyenusimu: Python cofepkut ClIOXHBIA M POJYMAHHBIA MEXaHU3M PaOOThI C UCKIIIOUSHUSIMY,
Grarozapst 4eMy IIpOrpaMMBl IIPOAOIIKAIOT pabOTaTh aske NPU BOSHUKHOBEHHUH OIIMOOK B BHI3BIBAEMOM MMM KOJIE.

OTJIaﬂ‘-[I/IK: Python BKJIIOYAET B ceOst OTIIa YUK, TaK 4YTO KOI'la MporpamMma He pa60TaeT 10 KaKOK-TO npU4nHe,
MOJIb30BATEJIb MOXKET IMOJTYYUTh JOCTYII K UICTOPUM CTEKA, IPOBEPUTH COCTOAHUE HeOéXOHI/IMI)IX NEPEMEHHLIX, I1€-
peMEIAThbCA 10 CTCKY.

IIpodummpoBmuk: cymiectsyer npodunipoBumk Python, KOTopslil 3amyckaeT Ko ¥ CO3JaeT OTYET 10 Koude-
CTBY BBI30BOB M BpeMEHHU paObOThl KX I0W (PYHKIIUH.
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o SI3bIK: BmecTo Toro, 4ToOB! MUcaTh HOBBI A3BIK /I MaTeMaTHKH, Kak 3T0 ObUIO caenaHo o Magma, Maple,
Mathematica, Matlab, GP/PARI, GAP, Macaulay 2, Simath, u T.11., Mbl UcrIOJIb3yeM s13bIK Python, KoTOpbIii sIBIS-
€TCs MOMYJISIPHBIM A3bIKOM IIPOrPAaMMUPOBAHM; OH aKTUBHO Pa3BUBAETCS U ONTUMU3UPYETCS COTHSMU OIBITHBIX
CIIEIMAIMCTOB T10 TIpOorpaMMHOMY obecriedeHuio (cM. [PyDev]).

7.1.2 MNpe-napcep: Pasnuuua mexny Sage n Python
B HekoTopeIX MaTeMaTH4YecKuX acrekrax Python moxer BBecTH B 3a0JIyKICHUE, TTOITOMY Sage Bemet ce0s1 HEMHOIO
JIPYTUM 00pa3oMm.

e O0o3HauyeHNEe BO3BEAEHHUsI B CTeNeHb: * * BMecTo . B Python, ~ 03Ha4aeT «UCKIIIOUUTESIHHO WK (XOT)», & He
BO3BeJICHIE B CTEIIeHb, Tak B Python:

>>> 278
10
>>> 372
1
>>> 3**)
9

Hcnonb3oBaHue ~ MOXET MOKa3aThCsl CTPAHHBIM; 3TO HE TaK BayKHO JUIs MAaTeMaTHIECKUX MCCIEJOBAHUMN, TOTOMY
KaK «HCKJIIOUMTEIBHO WIM» UCTIOb3YeTCsl JOBOJBHO penko. [Iist ynoOcTBa, Sage ncnomnb3yeT mpe-napeep Aj1s mpo-

BEPKM KOJa NEpe TEM, KaK OH NIEPEAACTCA B PythOIl, U CUMBOJT " (CCJII/I OH HC HaXOJUTCA B CTpOKC) 3aMCHACT Ha
* ke

sage: 2”8
256

sage: 372

9

sage: "3"2"
|3/\2l

* JleseHue meJabix ymncena: Beipaxenue 2 /3 B Python o3Hauaer He TO, yero oxupaer Mmaremaruk. B Python 2,
€cM M U N - HeJble YUCTIA, TO M/ N Takke LEJ0e YUCIO0, eClM ObITh TOYHEE, TO lLieas 4acTb OT AEJIEHHS m Ha
n. CnepoBarenbHo 2 /3=0. B coobiectse Python o6cysxaeTcsi BApUaHT M3MEHEHUs! oneparopa Tak, 4To0bl 2/ 3
BO3BpAILIAJIO YUCJIO € TUIaBaloIei Toukoi 0. 6666. . .,a 2/ /3 Bo3Bpammaio 0.

B unTepriperarope Sage Mbl ucronb3yeM oO03HaYeHHe Integer () M JeNeHHe UCTIONb3yeM KaKk KOHCTPYKTOp
JUIS1 pallMOHaBHBIX uncest. Hanprumep:

sage: 2/3

2/3

sage: (2/3) .parent ()
Rational Field

sage: 2//3

0

¢ Boubmmue neable unciaa: Python nMmeer BCTpoeHHYIO MOMIEPKKY HIENBIX YKCEN IPOU3BOJIBHON TOYHOCTH B 10-
nomHeHne K C-int’am. OHM HAMHOTO Me[IeHHee, YeM To, 4To mpefoctapister GMP, a Takke MUMEIOT CBOWCTBO:
CHMBOJI L B KOHIIE, YTOOBI OTIIMYATh UX OT MEPEMEHHBIX THUIA int (M 3TO HE UBMEHUTCS B Ovkaiiiem Oyayiiem).
Sage ucnonb3yer 1iesple YKcia MpOu3BOIBHON TOYHOCTH ¢ oMolibio GMP C-0HOMMOTEKH, U OHU BBIBOASATCS HA
9KpaH 6e3 L.

Bwmecto nzmenenns nareprperaropa Python (kak mocTynuim HEKOTOpBIE JIIONH JUTs BHYTPEHHUX ITPOEKTOB), MbI HCTIOJNb-
3yeM Python kak ecTb, u mpumeHsieM mpe-napcep st [Python Tak uToObI oBeeHMe KoMaHIHOM cTpoku [Python cooTset-
CTBOBAJIO OKHJIaHUSIM MaTeMATHKOB. DTO O3HAYAeT, YTo JII0OO0H CYIIeCTBYIOIMIA Ko Ha Python MoxeT ObITh HCIIONB30BaH
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B Sage. OyiHaKo, HYXHO MPUJIEPKUBAThCs cTaHaapta Python npu HamnMcaHuy MakeToB, KOTOpbie OYIyT UMIIOPTUPOBAHBI
B Sage.

(Uto6b1 ycraHOBUTH MakeT Python, KOTOpBIH, ckaxeM, BBl HAIIUIM B UHTEPHETE, CIIAyHTe MHCTPYKIIMH, HO 3aIycKaiTe
sage -python BMecro python. OueHb 4acTo 3TO O3HAyaeT, YTO HYKHO BBECTM sage —-python setup.py
install.)

7.2 Kak npuHSATb yyacTme B pa3paboTtke Sage?

Ecnu BB XOTHTE IOMOYb B pazpaboTke Sage, 310 OyAeT OlieHeHO 1o JocToMHCTBY! [ToMolb MOXeT BapbUpOBaThCsl OT
BHECEHUsI U3MEHEHUI B KOJI JIO JIOTIOJIHEHHU sl CIIPABOYHOM MH(POPMALIUK U HAXOXKICHUsI OaroB.

IMonmure nHgoOpManmio 11 pa3pabOTIMKOB Ha INIABHOM CTpaHuUIe Sage; KpoMe BCEro IPOYero, Bbl MOXKETe HAMTH CITH-
COK MPOEKTOB, CBSI3aHHBIX C Sage, OTCOPTUPOBAHHBIX IO IPHUOPHUTETY M KaTeropuu. PykoBoziCcTBO paspodoTurka Sage
CONEPXKUT TOJIE3HYI0 HH(OPMALMIO; BBl TaK)Ke MOXkeTe y3HaTh Oosbliie B Google-rpyrine sage—devel.

7.3 Kak npaBunbHO ccbinarbcq Ha Sage?

Ecnu BB vicnionb3yete Sage 1151 HanMcaHus1 pabOThI, MOXATYHCTa, YKQKHUTE, YTO BBIYUCIICHHUS ObLIMA MPOM3BE/ICHBI C 110-
Molpio Sage. BriounTe

[Sage] SageMath, the Sage Mathematics Software System (Version 8.7),
The Sage Developers, 2019, https://www.sagemath.org.

B paznen oubnuorpacdun (3aMersis 8.7 Bepcueit Sage, KOTOPYIO BH Ucmonb3yete). KpoMe Toro, moxanyiicra, mocrapaii-
TeCh OTCJIEIUTh, KAKME KOMIIOHEHThI Sage ObLIM MCIONb30BaHbI 151 Bhiumcienuii, Hanipumep PARI?, GAP?, Singular?
Maxima?, ¥ yKaxxure 3Ti cUcTeMbl. Eciii BBl COMHEBaeTech O TOM, Kakoe MporpaMMHOe 0OeclieYeHre UCIIOb3YeTCs s
BBIYMCIIEHUI, 3afaiiTe Borpoc B Google-rpymnne sage-devel. CM. [Toauromuvl 00HOl nepemerHoli A JaJbHERIIEero
00CYX/IeHUS STON TEMBI.

Ecii BB TpoYmMTaiM 3T0 pyKOBOZACTBO OT Havyasla JO KOHIIA, U Y Bac €CTh COOOpakeH sl [0 IOBOIY BPEMEHH, 3aTPayeHHOTO
Ha Hero, MoXaJTyicTa, BRICKaXUTe cBoe MHeHHe B Google-rpynme sage—devel.

Hacnaxnaiitech Sage!
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JlononHeHwe

8.1 Mpuopurtet GMHapHbIX apuchmeTMHECKUX ONnepaTopos

Yro Takoe 3°2*4 + 2%5? 3nauenue (38) omnpenesieHO MO 3TOi «TabnuIle MPUOPUTETA OnepaTtopoB». Tabnuiia HUXe
ocHOBaHa Ha TaOiuue u3 § 5.14 xkuuru Python Language Reference Manual, G. Rossum and F. Drake. Omnepartopst
PacIIoNoXeHbl B MOPsIAKE BO3pACTAHHS CTAPLIMHCTBA.

Operators Description

or boolean or

and boolean and

not boolean not

in, not in membership

is, is not identity test

>, <=,>,>= === comparison

+, - addition, subtraction

* /1, % multiplication, division, remainder
R R exponentiation

CnenoBaresbHO, 4YTOOBI IOCYUTATh 37 2% 4 + 2%5, Sage paccraBisieT CKOOKM Tak: ( (37°2) *4) + (2%5).CHavarna
cyuTaercsa 372, TO eCTh 9, 3aTeM CUMTAITCI (372) *4 »u 2% 5, M HAKOHELl OHU CKJIabIBAIOTCS.
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Bubnnorpadoms
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[SJ]

[ThreelS]

Cython, http://www.cython.org

The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4.4; 2005, https://www.
gap-system.org

GAP Packages, https://www.gap-system.org/Packages/packages.html
PARI/GP, https://pari.math.u-bordeaux.fr/
Magma, http://magma.maths.usyd.edu.au/magma/

Maxima, http://maxima.sf.net/

NagleEtAl2004] Nagle, Saff, and Snider. Fundamentals of Differential Equations. 6th edition, Addison-Wesley, 2004.

The Python language, http://www.python.org/

The Python Beginner’s Guide, https://wiki.python.org/moin/BeginnersGuide
Python Developer’s Guide, https://docs.python.org/devguide/

Python Library Reference, https://docs.python.org/3/library/index.html
Pyrex, http://www.cosc.canterbury.ac.nz/~greg/python/Pyrex/

The Python Tutorial, https://docs.python.org/3/tutorial/

Sage web site, https://www.sagemath.org/

G.-M. Greuel, G. Pfister, and H. Schonemann. Singular 3.0. A Computer Algebra System for Polynomial
Computations. Center for Computer Algebra, University of Kaiserslautern (2005). https://www.singular.
uni-kl.de

William Stein, David Joyner, Sage: System for Algebra and Geometry Experimentation, Comm. Computer
Algebra {39} (2005) 61-64.

three.js, http://threejs.org
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